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ON THE O-MINIMAL HILBERT’S FIFTH PROBLEM 


mArIO J. EDMUNDO, MARCELLO MAMINO, LUCA PRELLI, JANAK RAMAKRISHNAN, 

AND GIUSEPPINA TERZO 


Abstract. Let M be an arbitrary o-minimal structure. Let G be a definably 
compact definably connected abelian definable group of dimension n. Here 
we compute the new the intrinsic o-minimal fundamental group of G; for each 
fc > 0, the /c-torsion subgroups of G; the o-minimal cohomology algebra over Q 
of G. As a corollary we obtain a new uniform proof of Pillay’s conjecture, an o- 
minimal analogue of Hilbert’s fifth problem, relating definably compact groups 
to compact real Lie groups, extending the proof already known in o-minimal 
expansions of ordered fields. 


1. Introduction 

In this paper we work in an arbitrary o-minimal structure M = {M, <, (c)c6C7 
(/)/e^7 {R)r&'R-) and are interested in the geometry of definable groups in M. We 
refer the reader to [7] for basic o-minimality. 0-minimality is the analytic part of 
model theory and deals with theories of ordered, hence topological, structures satis¬ 
fying certain tameness properties. It generalizes PL-geometry ([7]), semi-algebraic 
geometry ([4]) and globally sub-analytic geometry ([27], also called finitely sub- 
analytic in [6]) and it is claimed to be the formalization of Grothendieck’s notion 
of tame topology (topologie moderee). See [7] and [8]. 

A definable group in an o-minimal structure M is a group whose underlying set 
is a definable set and the graph of the group operation is a definable set. The 
notion of definably compact is the analogue of the notion of semi-algebraically 
complete and was introduced by Peterzil and Steinhorn in [35]. The theory of 
definable groups, which includes real algebraic groups and semi-algebraic groups, 
began with Pillay’s paper [36] and has since then grown into a well developed branch 
of mathematics. The literature contains many interesting results about definable 
groups which have an analogue in the theory of Lie groups - see [36], [31], [32], 
[33], [10], [17] and [11]. All these fundamental results hinted at a deeper connection 
between definably compact definable groups and compact real Lie groups, which 
were finally formulated in the paper [37] by Pillay. Pillay’s conjecture is a non¬ 
standard analogue of Hilbert’s fifth problem for locally compact topological groups. 
Roughly it says that after taking the quotient by a “small subgroup” (a smallest 
type-definable subgroup of bounded index) the quotient when equipped with the so 
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called logic topology is a compact real Lie group of the same dimension. For more 
on definable groups and on Pillay’s conjecture see [28] and [29]. 

Pillay’s conjecture was solved in the following cases: (i) o-minimal expansions 
of fields [26] using new model-theoretic tools and the computation of m-torsion 
subgroups of definably compact abelian groups [17] (based on o-minimal singu¬ 
lar (co)homological arguments); (ii) linear o-minimal expansions of ordered groups 
using direct methods [25]; (iii) semi-bounded non-linear o-minimal expansions of or¬ 
dered groups [30] by reduction to the field case using a refinement of the dichotomy 
bounded/unbounded for semi-bounded sets studied in [9], namely the dichotomy 
short/long. 

Here we extend the computation of m-torsion subgroups of definably compact 
abelian groups from [17] in o-minimal expansions of real closed fields to arbitrary o- 
minimal structures, using o-minimal sheaf cohomology instead of o-minimal singular 
cohomology and after defining a new o-minimal fundamental group in arbitrary o- 
minimal structures extending the one from o-minimal expansions of ordered groups: 

Theorem 1.1 (Structure Theorem). Let G be a definably compact definably eon- 
nected abelian definable group of dimension n. Then, 

(a) the intrinsic o-minimal fundamental group of G is isomorphic to Z"; 

(b) for each k > 0, the k-torsion subgroup of G is isomorphic to (Z/fcZ)", and 

(c) the o-minimal cohomology algebra overQ of G is isomorphic to the exterior 
algebra over Q with n generators of degree one. 

As pointed out in [26] (see Remark 4 and the end of Section 8), the proof of 
the Pillay’s conjecture given in that paper requires the presence of an ambient real 
closed field only in two places, namely, in the computation of m-torsion subgroups 
of definably compact abelian groups [17] and in the following fact on the theory of 
generic definable subsets first proved in o-minimal expansions of real closed fields 
in [34, Theorem 2.1]. 

Fact 1.2. Let G be a definably compact group defined over a small model Mq. If 
X C G is a closed definable subset, then the set of Wlo-conjugates of X is finitely 
consistent if and only if X has a point in Mq . 

Since Fact 1.2 was established in [21, Theorem 3.2] in arbitrary o-minimal struc¬ 
tures after it was generalized to o-minimal expansions of ordered groups in [30] (see 
point 1 at the beginning of Section 8), we also now have Pillay’s conjecture proved 
in arbitrary o-minimal structures: 

Theorem 1.3 (Pillay’s conjecture). Let G be a definable group in a k- saturated 
o-minimal structure M (k large). Then: 

(1) G has a smallest type-definable normal subgroup of bounded index G^^. 

( 2 ) G/G^^, equipped with the logic topology, is isomorphic, as a topological 
group, to a compact real Lie group. 

(3) If G is definably compact, then dimLie(G/G°°) = dimM(G). 


We now explain the details of the proof of our main result. Theorem 1.1, pointing 
out to the reader the important points and techniques. 

The strategy is the same as that of the proof of its analogue in o-minimal ex¬ 
pansions of real closed fields ([17]), but we have to use o-minimal sheaf cohomology 
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([14]) instead of the o-minimal singular homology ([38]) and cohomology ([22]) as 
well as a new o-minimal fundamental group in arbitrary o-minimal structures gen¬ 
eralizing the o-minimal fundamental group from o-minimal expansions of helds ([2]) 
or ordered groups ([25], [12]). 

Let G be a definably compact, definably connected, abelian, definable group of 
dimension n. 

From the o-minimal (co)homology side we need: (i) the Kiinneth formula to show 
that the cohomology of G with coefficients in Q is a graded Hopf algebra of finite 
type; (ii) the theory of o-minimal (Z-)orientability to show that G is orientable and 
so the (co)homology of G, with coefficients in Z, in degree n is Z; (hi) degree the¬ 
ory for continuous definable maps between orientable definably compact manifolds. 
These three parts in combination with the fact that the definable homomorphism 
Pk ■ G ^ G : X kx is a, definable covering map, gives a lower bound on the size 
#G[fc] of the subgroup of fc-torsion points of G of the form k'^ < #G[A:] where r is 
the number of generators of the Hopf algebra of G. 

From the o-minimal fundamental group side we need: (iv) the new o-minimal 
fundamental group is well-connected with the theory of definable covering maps, 
giving us that G[k] ~ (Z/ZcZ)® where s is number of generators of the new o- 
minimal fundamental group of G; (v) the Hurewicz theorem relating the o-minimal 
fundamental group with the o-minimal (co)homology in degree one. 

The Hurewicz and the universal coefficients theorem (from the cohomology side) 
shows that s < r and so, since we have fc’’ < fc®, we obtain r = s. Since also the 
sum of the degrees of the r generators of the Hopf algebra of G must be n, because 
the (co)homology of G in degree n is Q, we obtain that r = s = n as required. 

Given the above strategy let us now point out exactly which difficulties we had 
to face in order to implement it. 

(i) The Kiinneth formula for the o-minimal singular homology is rather easy from 
the definitions as in the classical topological case (see [17] for details). The Kiinneth 
formula for o-minimal sheaf cohomology (even in coefficients in constant sheaves) 
turned out to be rather complicated and is obtained only after the formalism of 
the Grothendieck six operations on o-minimal sheaves is developed. This formalism 
was developed in the recent paper [20], but for definable spaces in full subcategories 
A of the category of definable spaces such that: 

(AO) cartesian products of objects of A are objects of A and locally closed subsets 
of objects of A are objects of A; 

(Al) in every object of A every open definable subset is a finite union of open 
and definably normal definable subsets; 

(A2) every object of A has a definably normal definable completion in A. 

Moreover, Kiinneth formula holds for objects X of such a subcategory A if further¬ 
more: 

(A3) for every elementary extension S of M and every sheaf F on the o-minimal 
site on X we have an isomorphism 

H:{X-,F)^H:iXiS);FiS)) 

where H* is the o-minimal cohomology with definably compact supports 
([18, Example 2-10 and Dehnition 2.12]). 

Therefore, in order to use the Kiinneth formula here, we had to show that: 
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(*) the full subcategory of locally closed definable subsets of definably compact 
definable groups satisfies conditions (AO), (Al) and (A2) and definably 
compact groups satisfy condition (A3). 

(ii) 0-minimal Z-orientability theory is rather technical both with o-minimal 
singular homology ([2], [3]) and with o-minimal sheaf cohomology, the difficult 
part being the proof of the existence of relative fundamental classes associated to 
orientations. Here this is obtained using a consequence of the o-minimal Alexander 
duality theorem proved in [20] (as another consequence of the formalism of the 
Grothendieck six operations on o-minimal sheaves). 

(iii) Having a good orientation theory available, degree theory is rather classical. 
The novelty here is that we work with the o-minimal Borel-Moore homology, but 
since we only need to work in homology groups of top degree, we actually don’t 
introduce formally the o-minimal Borel-Moore homology and use instead the de¬ 
scription of the o-minimal Borel-Moore homology groups in top degree, given by 
the o-minimal Alexander duality theorem, as the Z-dual of the relative o-minimal 
cohomology group in top degree. 

In both cases, in [17] and here, the existence of relative fundamental classes 
associated to orientations and in fact also even the existence of local orientations 
(resp. o-minimal orientation sheaf) depends crucially on the existence of finite 
covers by open definable subsets of definably compact definable manifolds for which 
we can compute some relative o-minimal singular cohomology groups (resp. the o- 
minimal cohomology with definably compact supports). 

Therefore, we had to show that: 

(**) definably compact definable groups have such finite covers by open definable 
subsets and, have o-minimal orientation sheaves and are orientable. 

(iv) and (v) The existence of an o-minimal fundamental group in arbitrary o- 
minimal structures extending the o-minimal fundamental group from o-minimal 
expansions of fields ([2]) or ordered groups ([25], [12]) is one of the main novelties 
of this paper. As observed in the concluding remarks of the paper [13], this new o- 
minimal fundamental group, when relativized to a full subcategory P of the category 
of locally definable spaces, will have all the properties proved in [13] (including 
the good connection to definable covering maps and a Hurewicz theorem) if the 
following hold: 

(PI) (a) every object of P which is definably connected is uniformly definably 
path connected; 

(b) definable paths and definable homotopies in objects of P can be lifted 
uniquely to locally definable coverings of such objects; 

(P2) Every object of P has admissible covers by definably simply connected, open 
definable subsets refining any admissible cover by open definable subsets. 

Therefore, we also had to show that: 

(***) definably compact definable groups leave in such subcategories P on which 
the relativization of the new o-minimal fundamental group has the proper¬ 
ties (PI) and (P2). 

The main tool we use to obtain (*), (**) and (***) is a consequence of the 
following result ([24, Theorem 3]): 
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Fact 1.4. If G is a definable group, then there is a definable injection G IVfLiJi, 
where each Ji C M is a definable group-interval. 

Note that Fact 1.4 does not imply that G is somehow definably built from defin¬ 
able subgroups Gi,..., Gm with each Gi definable in the definable group-interval Ji 
with its induced structure, which would reduce all questions about G to questions 
about definable groups in o-minimal expansions of (partial) ordered groups. Nev¬ 
ertheless we are able to use quite extensively Fact 1.4 to prove (*), (**) and (***) 
directly or in combination with an extension to the context of cartesian products 
of definable group-intervals of some techniques used by Berarducci and Fornasiero 
([1]) in o-minimal expansions of ordered groups. These techniques from [1] were 
already used in [19] to prove (A3) for G. 
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2. Preliminaries 

In this section we prove a covers by open cells result and define a new o-minimal 
fundamental group. 

2.1. A general covers by open cells result. Here we show that in o-minimal 
structures with definable choice functions every open definable subset is a finite 
union of open definable subsets each definably homeomorphic, by reordering of co¬ 
ordinates, to an open cell. 

The following is obtained from the definition of cells ([7, Chapter 3, §2]): 


Remark 2.1. Let G C M" be a d-dimensional cell. Then by definition of cells, G 
is a (ii,..., i„)-cell for some unique sequence (A,..., in) of O’s and I’s and there 
are A(l) < • • • < X{d) indices A S {1,..., n} for which i\ = 1. Moreover, if 

: Af" M'^ : {xi ,... ,a;„) (a;A(i), • • ■,xx(d)) 

is the projection, then G' := P(q,...,i„)(G) is an open d-dimension cell in and 
the restriction pc ■= P(ii,...,i„)\C ■ G ^ G' is a definable homeomorphism. 

Let r(l) < • • • < T(n — d) be the indices r G {1,..., n} for which ir = 0. For 
each such U, by definition of cells, there is a definable continuous function fr : 
7i(ii,...,q_i)(G) C M'^~^ M where, for each k = l,...,n, : M” —>• 
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is the projection onto the first /c-coordinates. Moreover we have Tr,-,- , \(C) = 

{(X.AW) . 

Let / = (/i,..., fn-d) ■ C M” be the definable continuous map where for 
each I = d we set fi = fr{i) o opc^- Let a : ^ : 

(xi,... ,x„) i-A (xa(i), .. ■ ,xx{d),Xr{i), ■ ■ ■,Xr{n-d))- Then we clearly have 

ct(C') = {{x,f{x)) :x€C'}. 

Theorem 2.2. Suppose that M has definable choiee functions. Let U he an open 
definable subset of M^. Then U is a finite union of open definable sets definably 
homeomorphie, by reordering of coordinates, to open cells. 

Proof. It suffices to prove the following. If C C C/ is a cell, then there are finitely 
many open subsets of U definably homeomorphie, by reordering of coordinates, to 
open cells such that C is contained in the union of them. 

We proceed by induction on the dimension of C. The zero-dimensional case is 
immediate. Let C be d-dimensional and assume the statement for cells of lower 
dimension. 

Modulo reordering of the coordinates (Remark 2.1) we may assume 

C = {{x,f{x)) -.x&C'} 

where C C is a d-dimensional open cell and /: C" C M‘^ —)■ is a 

continuous definable function. Since U is open, for every x S C" there are u,v G 
M'^-d sucii tJiat Ui < fi{x) < Vi for every i = 1,... ,n — d, and 

{x} X [ui, Vi] X . . . X [Un-d, V„-d] C U 

By definable choice there are definable functions g = {gi,... ,gn-d) ■ C -G 
and h = (hi,..., hn-d) ■ C -G such that for every x € C' we have gi{x) < 

fi (x) < hi (x) for every i = 1.. .n — d, and 

{x} X [gi(x), hi(x)] X ... X [g„_d(x), /i„_d(x)] C U. 

Let O C C" be the dehnable set of the continuity points of g and h. Let 
Cl,..., Cm be the d-dimensional cells of a cell decomposition of C compatible 
with O. Then for each i = 1,..., m define 

Vi = {(x, Zi,..., Zn-d) : X G Ci and gi{x) < zi < hi{x) for / = 1,..., n - d} 

These sets are clearly definably homeomorphie to open cells (in fact they are open 
cells), and Ui Tj covers {(x,/(x)) : x G [_}^Ci G C'} C C. Hence we conclude 
by the induction hypothesis observing that dim ({(x,/(x)) ■. x G C \[_}^Ci}) = 
dim {C \ U, Ci) <d. □ 


2.2. A general o-minimal fundamental group functor. Here we introduce an 
o-minimal fundamental group functor in arbitrary o-minimal structures. We also 
prove some basic properties of this new general o-minimal fundamental group. 

First we recall the definition of the category of locally definable manifolds with 
continuous locally definable maps. 

A locally definable manifold (of dimension n) is a triple (S', {Ui,9i)i<K) where: 

• ^ = U<. Uf, 
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• each 9i : Ui ^ i?” is an injection such that 9i{Ui) is an open definable 
subset of M”; 

• for all i,j, 9i{Ui n Uj) is an open definable subset of 9i{Ui) and the tran¬ 
sition maps 9ij : 9i{Ui fl Uj) 9j{Ui fl Uj) : x i-A are definable 

homeomorphisms. 

We call the {Ui,9iys the definable charts of S. If k < Hq then S' is a definable 
manifold. 

A locally definable manifold S is equipped with the topology such that a subset 
[/ of S is open if and only if for each i, dfiU fl Ufi is an open definable subset of 

We say that a subset A of S is definable if and only if there is a finite /q C k such 
that A C Ujgjg Ui and for each i G Ig, 9i(A fl Ufi is a definable subset of 9i(Ui). 
A subset i? of S is locally definable if and only if for each i, B Ci Ui is a definable 
subset of S. We say that a locally definable manifold S is definably connected if it 
is not the disjoint union of two open and closed locally definable subsets. 

liU = {Ua}aGi is a cover of S by open locally definable subsets, we say that U is 
admissible if for each i < k, the cover {[/„ n Ui}aei of Ui admits a finite subcover. 
If V = is another cover of S by open locally definable subsets, we say that 

V refines U, denoted by V < W, if there is a map e : J ^ I such that Vjj C C/g(^) 
for all /3 G J. 

A map f : X ^ Y between locally definable manifolds with definable charts 
{Ui,9i)i<Kx ^nd {Vj,Sj)j<K,Y respectively is a locally definable map if for every 
finite / C Kx there is a finite J C ky such that: 

• f{[}ii,iUi)C[j^^jVf, 

• the restriction f\ : IJjg/ Ui —)• Ujej is a definable map between definable 
manifolds, i.e., for each z G / and every j G J, 5j o f o 9~^ : 9i{Ui) —>■ Sj(Vj) 
is a definable map between definable sets. 

Thus we have the category of locally definable manifolds with locally definable con¬ 
tinuous maps. 

By a basic d-interval, short for basic directed interval^ we mean a tuple 

I=([a,6],(0i,Ii)) 

where a,b € M with a < b and (Ox, Ix) G {(o, b), {b, a)}. The domain of I is [a, b] 
and the direction of I is (Ox, lx)- The opposite of X is the basic d-interval 

= ([o, b], (Oxop, lx°p)) 

with the same domain and opposite direction (Ox^p, Ix°p ) = (li,0x)- 

If Xi = ([oi, bi], (Ox;, Ixi)) are basic d-intervals, for z = I,..., n, we define the 
d-interval, short for directed interval, 

Ii A • • • := ( ^ (OxiA---Ai„, liiA --Ai„) ) 

i ' 

where ci,...,c„ are n distinct points of M, (ci,lxi) (ci+i,0xi+i) for each i = 
l,...,n- 1 and Oxia-"AI„ = (ci,0xi) and IxiA-"AI„ = (c„,lx„). The domain of 
Ii A • • • A is 


[ai,&i] A---A[a„,&„] := ^ [a^,by^ 
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and the direction of Ii A- • -Ain is (Oxia---ai„) The opposite ofliA- • -Ain 

is the d-interval 

(Xi A • • • AX„)°P = {[oi, 6 i] A • • • A [o„, &„], {0 (Xia---ai„)°pj 1(IiA---ai„)°p)) 
with the same domain and opposite direction 

(0(IiA---Al„)°P; l(IiA'--Al„)°P ) = (Ixi A'"AI„: Ox lA'-'Al„)- 

Fact 2.3. If 2i = ([a*, (Oi^, Ix;)) are basic d-intervals, for t = 1,..., n, then 

(Xi A ■ • • A I„)°P = I°P A • • • A 

Lemma 2.4. Let I = (/, (Ox, lx)) be a d-interval. Then the domain I of I is a 
definable space of dimension one which is equipped with a definable total order <x • 

Proof. Let li = ([oj, 6 ^], (Ox;, lx,)) be basic d-intervals, for t and 

suppose that T = Xi A • • • Al„. Then I = [oi, &i] A • • • A [a„, 6 „] is clearly a definable 
space of dimension one. 

For each i let <Xi be the total order on [at, bi\ which is < if (Ox^, lx,) = (oi, bi) 
or > if (Oxi, Ixi) = {bi,ai). Then total ordering on I is given by x <x y it x oo y 
and either x,y € [oi, bi] for some i and x <Xi y, or x € li and y S Ij with i < j. □ 

Due to Lemma 2.4 below we will identify a d-interval I = (/, (Ox, li)) with its 
domain equipped with the definable total order <x . In particular, since the domain 
/ of X°P is a definable space of dimension one which is equipped with the definable 
total order >x, we have an order reversing definable homeomorphism 

oi : I ^ X°P 

given by the identity on the domain. 

Given two d-intervals X = Xi A • • • A X„ and J = Ji A ■■■ A Jm, we define the 
d-interval 

X A J" = Xi A • • • A X„ A Ji A • • • A 
and we will regard X and J as definable subsets oil A J. 

We say that X and J are equal, denoted X = JA, if n = m and Xi = Ji for 
all z = 1 ,..., n. 

Let X be a locally definable manifold. A definable path a : X —> A is a continuous 
definable map from some d-interval X to X. We define ao := Qf(Ox) and ai := a(lx) 
and call the them the end points of the definable path a. 

A definable path a : X —>■ A is constant if ao = a(t) for all t G X. Below, given 
a d-interval X and a point x G A, we denote by the constant definable path in 
A with endpoints x. 

A definable path a : X A is a definable loop if ag = ai. The inverse a~^ of a 
definable path a : T X is the definable path 

a~^ := a o : X°p —>• A. 

A concatenation of two definable paths 7 : X A and 8 \ J ^ X with 7 (lx) = 
(5(0 j') is a definable path 7 ■ 5 : X A J" —>■ A with: 

{ 7 (t) if t G X 

(7-5)(t)=<^ 


6{t) at & J. 
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We say that X is definably path connected if for every u,v va X there is a defin¬ 
able path a :T ^ X such that ao = u and ai = v. 


Let X be a locally definable manifold. Given two definable continuous maps 
f,g : Y X, we say that a definable continuous map F{t,s) : Y x J' ^ X is a 
definable homotopy between f and g if f = Fg := Fq^ and g = Fi := Fij, where 
Vs G J, Fs := F{-, s). In this situation we say that / and g are definably homotopic, 
denoted f ^ g. 

Two definable paths ^ \ I ^ X, 6 \ J ^ X , with 70 = do and 71 = di, are 
called definably homotopic, denoted 7 « d, if there are d-intervals I' and J' such 
that J' t\X = J t\X', and there is a definable homotopy 

Cy” • 7 ~ d ■ 

fixing the end points (i.e., they are definably homotopic by a definable homotopy 
F Kx J ^ X such that F{Qiq, s) = 70 = do and F{l]c, s) = 71 = di for all s G J.) 

The goal now is to show that definable homotopy of definable paths « is an 
equivalence relation compatible with concatenation. The next two observations 
show that definable homotopy ~ is an equivalence relation compatible with con¬ 
catenation, however we have to do more since the relation « does not assume that 
the domains of the definable paths are the same. 


Remark 2.5. Let X be a locally definable manifold. Then definable homotopy of 
definable continuous maps Y —> X is an equivalence relation. 

Indeed, F : Y x J ^ X : {t,s) ^ f{t) is a definable homotopy between / 
and f; if F : Y X J ^ X is a definable homotopy between / and g, then FI := 
F o (idy X : Y x —>• X is a definable homotopy between g and /; if 

F : Y X ff ^ X is a definable homotopy between / and g and if G :Y x 1C ^ X is 
a definable homotopy between g and h, then H : Y x {J AK.) ^ X with 

r F{t,s) if sCj 
H{t,s) = < 

[ G{t,s) ifsG/C. 

is a definable homotopy between / and h. 


Remark 2.6. Let X be a locally definable manifold. If 7 i : X ^ X {i = 1,2) 
and 5 : CJ ^ X are definable paths with 71 ~ 72 and ( 7^)1 = do for i = 1,2, then 
7i • d 72 • d. 

Let F -.Xx A ^ Xhea definable homotopy between 71 and 72 . Let i '.X^XAJ 
and i '■ J ^ XAJ be the obvious definable immersions. Then FI : {XAJ) xA^X 
with 

( F{t', s) for t = i{t') and s C A 
H{t,s) = < 

[ d(t') for t = j{t') 

is a definable homotopy between 71 ■ d and 72 • d. 

Similarly, if \ J X is a definable path with Ai = ( 7^)0 for i = 1,2, then 
A • 7i ~ A • 72. 
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Therefore, by transitivity of ~ (Remark 2.5), \i 5i ■. J ^ X (t = 1,2) are defin¬ 
able paths with di ~ 82 and ( 7 i)i = ((li)o for i = 1 , 2 , then 71 • di ~ 72 • 52 - 


Remark 2.7. Let X be a locally definable manifold. If 7 : I —)■ is a definable 

path and J is any d-interval, then 


Indeed let 


'^Ir\J I 


7 • c 


7l 

JKL- 


11 ! X —\ X A A X) 

12 • X —\ (X A J7) A X 


be the two immersions immersions of X \\iI/\J/\X. Then H : (XAj'AX)xX— 
with 


f 7(i') 
l{t') 


H{t,s) = 


[ 7(s) 

is the required definable homotopy. 


for t = with t' < s 
for t = hit') with s <t' 
otherwise 


It follows from Remarks 2.7 and 2.6 that: 

Remark 2.8. Let X be a locally definable manifold, 5i ■. J ^ X (z = 1, 2) are 
definable paths with 5i ^ 52 , then 5i « ^ 2 . 


Lemma 2.9. Let X he a locally definable manifold. Let 7 : X —>■ X and 8 •. J ^ X 
be definable paths with 70 = 5o and 71 = 5i. Then the following are equivalent: 

(1) 7 « 5. 

(2) There are four d-intervals A, B, C, and T), such that A f\T l\B = C K J KT) 

and • 7 ■ Cg ~ • 5 ■ . 

Proof. Assume (1). Consider d-intervals X' and J' such that J' AT = J AX' 
and there is a definable homotopy Cj, -7 ^ 8 ■ cfi,. Let A = J', B = J AX', 
C = J' AX and V = X'. Then AAXAB = CAJ AT) and we have by Remark 2.6 


' 7 ■ ~ i'^J' ■ 7 ) ■ ^^B ^ i^ ■ ■ ^B ~ ■ ^I') ■ ^JAI' ~ i^ ■ 


Since 


■ 8 ■ c.fi — (cg° • 8) ■ Cjl — ~ i^jrcx' ' ' ^x'- 

we conclude by Remarks 2.7 and again 2.6 and transitivity of ~ (Remark 2.5). 

Assume (2). Consider four d-intervals A, B, C, and X>, such that AAXAB = 
C A J AT) and • 7 • Cg ~ Cg° • 5 ■ . Let 

J' = J A A AX AB X' = C A J AV AX. 


Then J' AX = J AX' and by Remark 2.7 we also have 


p7o 

Cj, 

■ 7 = 

- Cj Cj Cg 7 - 




8- 

Cj, - 

- 0 Cg Cj- ^ 



5 • ) ■ c-x . 
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We conclude by Remark 2.6 and transitivity of ~ (Remark 2.5). 


□ 


Proposition 2.10. Let X be a locally definable manifold and xo,xi G X. Let 
P(X, xo,xi) denote the set of all definable paths in X that start at xg and end at xi. 
Then the restriction ofrv, the relation of being definably homotopic, to P(X, xg, xi)x 
f‘{X,xg,xi) is an equivalence relation on P(X,xo,xi). 

Proof. For reflexivity, let 7 : I X be a definable path in P(X, a;o,xi), and 
take I' = I f\T = J'. Then J' /\X = X /\X' and Cj, • 7 ^ 7 - cjl by Remark 2.7. 
Symmetry follows at once from Lemma 2.9. 

For transitivity consider definable paths j : X ^ X, \ : y ^ X and S : J ^ X 
in P(X, xojXi) and assume that 7 « A and A « (5. Then there are d-intervals J', 
y, and y', X', such that Y AX = y AX', J' Ay = J Ay" and 

c])l • 7 ~ A • c^l 

4yx^6-4\,. 

By Remark 2.6 we have 


. ■y - 

- . r’T'o 

- Cj, Cy, 

. ^ n 


■A 

■Cx' 

/) ■ 

^ ^y"AX' - 

-6-4„- 

Cl' " 

- Cj, 

•A- 

4- 


Since J A {y" A X') = {J' A Y) A X we conclude that 7 « <5. □ 


Lemma 2 . 11 . Let X be a locally definable manifold. Let 7 , 7 ^ S and S' be definable 
paths in X such that 71 = Sg and 7 ^ = S'q. If j ^ a' and S « 6', then 7 • <5 « 7 ' ■ i5'. 

Proof. By transitivity of w (Proposition 2.10) it suffices to prove the case 
6 = 5'. Suppose that ^ : X ^ X, ^' ■. J -g X and 5 ■. y ^ X. Hy hypothesis 
there are d-intervals J' and X' such that J' AX = J AX' and Cj, • 7 ~ 7 ' • cjl. By 
Remarks 2.6 and 2.7 we obtain 


Y^,-y6-c°} 


jxy 


v' ■ . A . 0*51 




■ y' ■ 6 


and we conclude by Lemma 2.9 (using also Remark 2.6). 


□ 


Lemma 2.12. Let X be a locally definable manifold and let y : X ^ X be a 
definable path in X. Then 7 • 7 “^ ^ ^lAiop ■so 7 • 1~^ ~ 


Proof. We have that H : (X AX°p) x X°p — >■ X with 


( j{t) if t G X and s < ox{f) 


H{t,s) = < 


y-^it) if t GX°p and s < t 


[ 7 ^(s) otherwise 

is the definable homotopy 7 - 7 “^ ~ ^lAipp s-iid the rest follows from Remark 2.8. □ 


Let 77 be a locally definable manifold and ex G X. If L(Ar, ex) denotes the set of 
all definable loops that start and end at a fixed element ex of X (i.e. L(77, ex) = 
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P(X, ex, ex)), the restriction of « to L(X, ex) xL(X, ex) is an equivalence relation 
on L(X, ex)- We define the o-minimal fundamental group 7ri(X, ex) of X by 

MX, ex) 

and we set [ 7 ] := the class of 7 G L(W, ex)- By Lemmas 2.11 and 2.12, t:i{X, ex) 
is indeed a group with group operation given by [ 7 ] [5] = [7 • i5] and identity the 
class a of constant loop at ex- Also this group depends on the topology on X. 

If / : X —>■ F is a locally definable continuous map between two locally definable 
manifolds with ex & X and ey &Y such that f{ex) = ey, then we have an induced 
homomorphism /* : '!Ti{X,ex) —>■ T^i{X,ey) : [a] 1 —>■ [/ocr] with the usual functorial 
properties. 

We define the o-minimal fundamental groupoid ni(X) of X to be the small 
category ni(X) given by 

Ob(ni(X)) =X, 

We set [ 7 ] := the class of 7 G f‘{X,xo,x{)- By Lemma 2.11, the small category 
ni(X) is indeed a groupoid with operations 

Homni(x)(a^o,a:i) x Homni(js:)(a;i,a; 2 ) ^ Homni(js:)(a;o, 3 : 2 ) 
given by [5] o [ 7 ] = [7 • <5]. 

Note that if a: G AT, then P(Ar, x, x) = L(Ar, x) and so 
7ri(X,x) = Homni(jf)(^,a;,a;). 

If X is a locally definable manifold and x € X, we define ni(Ar, x) to be the 
category given by 

Ob(ni(A:,a:)) = {x}, 

^ou\Yi^(x,x){x,x) = 7ri(A:,a;). 

If / : AT F is a locally dehnable continuous map between locally definable man¬ 
ifolds, then we have an induced functor /* : Hi (AT) —>■ ni(F) which is a morphism 
of groupoids sending the object x € X to the object f{x) G F and a morphism [ 7 ] 
of Hi (AT) to the morphism [/ o 7 ] of ni(F). 


Lemma 2.13. Let X and Y be locally definable manifolds- Then 

(1) If X is definably path connected then the natural functor Hi {X,x) ni(X) 

is an equivalence for every x € X. 

(2) The natural functor Hi (A" x F) —>■ Hi (AT) x ni(F) given by projection is 
an equivalence. 

Proof. (1) The functor Hi (AT, a;) —)• ni(X) sends the object x of ni(X, a;) to 
the object x of Hi (AT) and sends a morphism of Hi (AT, x) represented by a definable 
loop at X to the morphim of ni(Ai) represented by the same definable loop at x. 
By dehnition this morphism is fully faithfull. Since X is definably path connected, 
every object of IIi (AT) is isomorphic to the object x. So the functor is also essentially 
surjective. Therefore, it is an equivalence. 

(2) The functor Hi (AT x F) —>■ ni(X) x ni(F) sends a morphism of ni(X x F) 
represented by a definable path p in X x Y to the morphism of ni(X) x ni(F) 



ON THE O-MINIMAL HILBERT’S FIFTH PROBLEM 


13 


represented in each coordinate by the definable paths gi o p in X and 52 o p in F 
where qi and q 2 are the projections onto X and F, respectively. This functor is an 
isomorphism with inverse given by the functor ni(X) x ni(F) ni(X x F) that 
sends the object {x,y) of ni(X) x ni(F) to the object {x,y) of ni(X x F) and 
sends a morphism of ni(X) x ni(F) represented by a pair of definable paths 7 in 
X and (5 in F to the morphism of Hi {X x F) represented by the definable path in 
X X Y with coordinates 7 and S. □ 


Corollary 2.14. Let X and Y be locally definable manifolds with ex & X and 
ey ^Y. Then 

(1) If X is definably path connected then'Ki{X,ex) — ni{X,x) for every x S X. 

(2) Tri{X,ex) x 7 ri(F,ev) ~ 7 ri(X x F, {exXv))- 

Notation: As usual for a definably path connected locally definable manifold X 
if there is no need to mention a base point ex G X, then by Corollary 2.14 (1), we 
may denote 7 ri(Ar, ex) by tti{X). 


3. Topology on products of definable group-intervals 

In this section we study some topology on products of definable group-intervals 
including: definable normality, locally definable covering maps and the relativized 
new o-minimal fundamental group, cohomology with definably compact supports 
of cells, the orientability and degree theory for definable manifolds in products of 
definable group-intervals. 

3.1. Products of definable group-intervals. Here we recall a few notions about 
products of definable group-intervals. The results we will need came from [24] or 
are built from what is done in that paper. 

Recall the following ([24, Definition 3.1]): 

Definition 3.1. A definable group-interval J = ((—6, 6), 0, -I-, <) is an open interval 
(—5,6) C M, with —5 < 5 in M U {— 00 ,- 1 - 00 }, together with a binary partial 
continuous definable operation J'^ ^ J and an element 0 G J, such that: 

• X -\- y = y -\- X (when defined), {x -\- y) -\- z = x -\- {y z) (when defined) and 
x<y^x-\-z<y-\-z (when defined); 

• for every x G J with 0 < a;, the set {y € J : 0 < y and a; -I- y is defined} is 
an interval of the form ( 0 ,r(a;)); 

• for every x £ J with 0 < a;, then limz_,.o(a;-|-z) = x and lim 2 _>j.( 2 ,)-(x-|-z) = 

b; 

• for every x £ J there exists z £ J such that a; -|- z = 0. 

The definable group-interval J is unbounded (resp. bounded) if the operation -|- 
in J is total (resp. not total). The notion of a definable homomorphism between 
definable group-intervals is defined in the obvious way. 

By the properties above, it follows that: (i) for each x £ J there is a unique 
z £ J such that a; -I- z = 0, called the inverse of x and denoted by —a;; (ii) for each 
X £ J we have —0 = 0, —{—x) = x and 0 < x if and only if —x < 0; (iii) the maps 
J ^ J : X —X and (—6, 0) —> (0, 6) : x 1 —>■ —x are continuous definable bijections; 
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(iv) for every x € J with x < 0, the set {y € J : y < 0 and x + y is defined} is an in¬ 
terval of the form (—r(a;), 0); (v) for every x € J with a; < 0, then \\mz^(f(x + z) = x 
and lim 2 _>_^( 2 ,)+(a; + z) = —b; (vi) for every x G J we have a; -|- 0 = a: (both sides 
are defined and they are equal). 

By the proof of [24, Lemma 3.5] we have: 

Fact 3.2. Let J = {{—b, b), 0, -I-, —, <) is a definable group-interval. Then there ex¬ 
ists an injective, continuous definable homomorphism t : J ^ J given by t(x) = | 
such that if x,y £ t{J) = (—|, |), then x -\- y, x — y and | are defined in J. 

Fix a cartesian product J = ^ Ji of definable group-intervals Jj = {{—ibi, bi), 

Oi, +i, —i, <). We say that X is a 3-bounded subset if X C If™ ;^[—iCi, c*] for some 
Ci > Oi in Ji. 

Let I £ {1,... ,m — 1}. For a definable subset X C Ji, we set L^X) = {/ : 
X -£ Ji+i : / is definable and continuous} and L'-^{X) = L*(X) U {—6i+i}, 
where we regard —and fej+i as constant functions on X. It f £ L\X), we 
denote by r(/) the graph of /. It f,g £ L’‘^{X) with f{x) < g{x) for all x £ X,we 
write / < 5 and set {f,g)x = {{x,y) £X x Ji+i : f{x) <y < g{x)]. Then, 

• a 3-cell in Ji is either a singleton subset of Ji, or an open interval with 
endpoints in Ji U { —i 6 i, 6 i}, 

• a 3-cell in Ll]^} Ji is a set of the form r(/), for some / G L^{X), or {f,g)x, 
for some f,g £ L^^{X), f < g, where X is a J-cell in n(^^Ji. 

In either case, X is called the domain of the defined cell. The dimension of a J-cell 
in is defined as usual ([7, Chapter 3 (2.3) and Chapter 4 (1.1)]). 

We refer the reader to [7, Chapter 3 (2.10)] for the definition of a decomposition 
of J. A 3-decomposition is then a decomposition C of J such that each B £ C is a. 
J-cell. The following can be proved similarly to [7, Chapter 3 (2.11)]. 

Theorem 3.3 (J-CDT). 

(1) If Ai,... ,Ak C Ji are definable sets, then there is a 3-decomposition 
C that partitions each Ai. 

(2) If A C ItffiJi is a definable set and f £ L'"+^(A), then there is a 3- 
decomposition C that partitions A such that the restriction f\B to each B £ C 
with B C A is continuous. 

To J there is an associated definable o-minimal structure JJ such that: (i) the 
domain of JJ is the definable set dom(JJ) = (— 161 , 61 ) U { 02 } U (— 262 , 62 ) U ... U 
{cm} U {—mbm, bm) where the Ci’s are new elements (each definable in M), with the 
obvious induced definable total order; (ii) the J-definable subsets are the subsets 
X C dom(JI)'' such that X is a definable set. 

By [24, Fact 4.4] we have: 

Fact 3.4. The o-minimal structure JI has I-definable choice. 


The following remark will allow us to work in JJ instead of in M when convenient. 
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Remark 3.5. Let X C Ji be a definable subset. Then X is a J-definable set 
and a definable subset of X is relatively open if and only if it is a relatively open 
J-definable subset of X. 


We call a (locally) definable manifold (resp. space) a (locally) definable 3-bounded 
manifold (resp. space) whenever it has definable charts (Uijfi) with <f>i{Ui) a de¬ 
finable J-bounded subset. 

3.2. Definable normality in products of definable group-intervals. Here 
we study the notion of definably normal in products of definable group-intervals 
extending what was known in o-minimal expansions of ordered groups ([7, Chapter 

6 , §3]). 

Recall that a definable space X is definably normal if one of the following equiv¬ 
alent conditions holds: 

(1) for every disjoint closed definable subsets Zi and Z 2 of X there are disjoint 
open definable subsets f7i and U 2 of X such that Zi C Ui for i = 1,2. 

(2) for every S C X closed definable and W C X open definable such that 
sew, there is an open definable subsets U of X such that S C U and 
U CW. 

Definable normality is quite useful since it gives the shrinking lemma (compare 
with [7, Chapter 6, (3.6)]): 


Fact 3.6 (The shrinking lemma). Suppose that X is a definably normal definable 
space. If {Ui : i = 1,... ,n} is a covering of X by open definable subsets, then there 
are definable open subsets If and definable closed subsets C) of X (1 < i < n) with 
Vi Q Ci Q Ui and X = U{Vi : i = 1,..., n}. 


Recall that two definable intervals {b, b') C M and (a, a') C M are non-orthogonal 
if there are sub-intervals (c, c') C (b, b') and {d, d') C (a, a') together with a defin¬ 
able bijection cr : (c, c') ^ {d,d'). The intervals are orthogonal if they are not 
non-orthogonal. 


Lemma 3.7. Let J = WfLiJi be a cartesian product of non-orthogonal defin¬ 
able group-intervals = {{—ibi,bi), 0^,-bi, —i, <). Then every definable subset 
ofWfLiJi is I-definably normal. 


Proof. By Fact 3.2 we only have to show that every definable subset of 
^) is JJ-definably normal. 

By non-orthogonality, for each l,k € {1,..., m}, consider sub-intervals (ci,di) C 
{—ibi, hi) and (cfe, dk) C {—kbk, bk) together with a definable bijection aik ■ {ci, di) 

(cfc, dk ). 

By o-minimality and Fact 3.2, we may assume that aik is continues and (c/, di) C 
(resp. {ck,dk) Q (-fcT>^))- composing aik with the 

translation x ^ x-\-i on the right and with the translation x ^ x —k 
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on the left, we may assume that q = —idi and Ck = —kdk- In this situation 
we have definable subgroup-intervals /; = {{—idi,di), 0;,-I-/, —of Ji and Ik = 
{{—kdk, dk), Ok, +k, —k, <) of Jk together with a continuous definable bijection aik '■ 

h Ik- 

Let / = {{—d,d), 0,be the definable group-interval Ii. For each i, set 
a, = an and consider S, : (-j^, x (-j^, ^ I given by 

-iVli) if \x-iVli € ai{I) 


d if otherwise. 


Now let 


A ■ TT™ (—■— — 1 X TT™ (—■— — 
0 -1^=11 4I xiL=il *4’ 4 


^I 


be given by S{u,v) = TLnax{Si{ui,Vi) : i = whenever u = {ui,... ,Um) 

and V = {vi,... ,Vm)■ Clearly, <5 is a continuous JJ-definable function such that if 
A C B C n™ ^(—are definable subsets with A closed in B, then the definable 
function 6a,b : B ^ I given by Sa,b{u) = inf{(5(u,v) : u € A} is continuous with 
A = {u € B : Sa,b{u) = 0}. Therefore, if C and D are disjoint definable subset 
of a definable subset B C which are closed in B, then the definable 

subsets U = {v € B : 5 c,b{v) < <5d,b(p)} and W = {v & B ■. 5 d,b{v) < <5c,b(i’)} of 
B are open in B, disjoint and such that C C U and D CW. 

□ 


Let J = n™ ^ Ji and I = be cartesian products of definable intervals. We 

say that J and I are orthogonal if for any I € {!,..., m} and any fc € {1,..., n} we 
have that J/ is orthogonal to Ik ■ 


Lemma 3.8. Let I and J be orthogonal cartesian products of definable intervals. 
Let Al C I X J be a definable set and consider the uniformly definable family {A^ : 
X € 1} of definable subsets A^ = {y G 3 : {x,y) S A} of 3. Then there are 
xq, ■ ■ ■ ,Xs G I such that {A^ : a; G 1} = {Ax,^, ■ ■ ■, A^^}. Moreover we have 

S 

A = (^({p G I : Ay lA Ax^} X Ax^) 

i=0 

and if A is open, then {u G I : D Ax^} and Ax^ are open definable sets for each 

i = 0,.. .,s. 

In particular, for every closed definable subset B C lx 3 there are finitely many 
closed definable subsets C\,... ,Ck Cl and Di,... ,Di C J such that 

B = [JlCi X Dj : i = 1,..., k and j = 1,... ,1}. 

Proof. Take a cell decomposition C of A. Then {C fl Alj, : C G C} is an induced 
uniform cell decomposition on each fiber Ax- Replacing A by each C £ C, we may 
suppose that each Ax is a cell of a fixed dimension k. 

We proceed by induction on k. When A: = 0,1, let o^, bx be the endpoints in the 
definition of Ax (possibly Qx = bx). Then at least one of Qx, bx must vary infinitely 
and definably with x if Ax does, contradicting orthogonality. 



ON THE O-MINIMAL HILBERT’S FIFTH PROBLEM 


17 


For the case fc > 1, assume the result fails. Then at least one coordinate of 
Ax must vary infinitely and definably as x does. By induction, we know there are 
only finitely many sets of the form -n^Ax), where tt is projection to the first k — 1 
coordinates. Fix a ^{Ax) such that there are infinitely many distinct Ax with this 
projection, and restrict to this family. We suppose that all cells Ax are “open” in 
the /c-th coordinate - the other case is much the same - and that fx : t^{Ax) —>■ Jk, 
the function giving the lower boundary of Ax in the fc-th coordinate, varies infinitely 
and definably in x. If there exists a point in 'k{Ax) at which fx takes on infinitely 
many values as x varies, then we have a contradiction to orthogonality. So given 
any y in the domain of fx, there are finitely many values fx can assume at y, say 
at most m independent of y. Let be the set of all y such that fx{y) is the i-th 
possible value of fx at y. Note that the set {Dl ,..., D™} partitions ■ 7 t{Ax) and 
determines the function fx- Thus, for at least one i < m, the set Dl. varies infinitely 
as X varies. Since lies in an ambient space of dimension fc — 1, we are done by 
induction. 

Clearly we have A = Ui=o({^ €l : Ay A Axi} x Axf) and if A is open then each 
fiber Axi is also open. 

Suppose that A is open but some {v &1-. Ay A A^,.} is not open. Fix v € {u G I : 
Ay A Axf\ such that for every open box B around v in I, B {v € I : Ay A Axi}. 
Thus, we can find points z as close as we like to v such that Axi ^ A^ for any 
such z. Consider the family of definable sets {A^,. \ : z € I and Ax^ ^ A^}. 

By the first part of the lemma, there are only finitely many sets in this family, so 
there is one that occurs for z arbitrarily close to v, say Axi \ Fix any point 
y G Ax^ \ Azg. Then for any open box B containing v, we can find z G B with 
y ^ Az- But then any box in I x J around the point {v,y) G A must contain a 
point not in A, namely {z,y) for such a z, contradicting that A is open. □ 


Lemma 3.9. Let Ii and I 2 be orthogonal cartesian products of definable group- 
intervals and set I = Ii x I 2 . Let A Cli be an li-definably normal definable subset 
and let B A I 2 he an l 2 -definably normal definable subset. Then A x B Cl is an 
I-definably normal definable subset. 

Proof. Let S,T C A x B he closed, disjoint definable subsets. Then by Lemma 
3.8, S = UjS'ii X S' 2 i : 7 = 1,..., s} with each Su C A a. closed (in A) definable 
subset and each 821 Q B a closed (in B) definable subset. Similarly, T = UlTi^ x 
T2j : j = l,...,t}. 

First suppose s = 1. Since T is disjoint from S we have that each Tij x T2j has 
empty intersection with S and therefore, either Tij has empty intersection with 
or T 2 j has empty intersection with S' 2 i- Suppose the first case holds. Since A Cli 
is Ii-definably normal and i? C I 2 is l 2 -definably normal, there exist Un C ^ an 
definable subset open in A and Vij C B an dehnable subset open in B, containing 
i'll and Tij respectively, with empty intersection. Let U21 C ^ be an arbitrary open 
(in A) definable subset and let V 2 j C i? be an arbitrary open (in B) dehnable subset. 
Then the products Uj =UiiX U21 C Ax B and Vj = Vij x V2j C Ax B are dehnable 
subsets open in A x B, with empty intersection and containing S and Tij x T 2 j 
respectively. Now take U = ri{Uj : j = l,...,t} and V = U{Vj : j = l,...,t}. 
Then U and V are dehnable subsets open in ^ x i3, with empty intersection and 
containing S and T respectively. 
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If s > 1, by the above, one can take definable subsets Ui and Vi open in 
A X B, with empty intersection and containing Su x £'21 and T respectively. Let 
U = VJ{Ui : i = 1,..., s} and V = r\{Vi : z = 1,..., s}. Then U and V are definable 
subsets open in ^ x i3, with empty intersection and containing S and T respec¬ 
tively. □ 

We are ready to prove the main observation of this subsection: 

Proposition 3.10. Let 3 be a cartesian product of definable groups intervals. Then 
every open definable subset of 3 is a finite union of open 3-definably normal definable 
subsets. 

Proof. Let Ji ,..., be cartesian products of non-orthogonal definable group- 
intervals, with 3i and orthogonal for i 7 ^ j, and J = T3i<:k3i. We prove the result 
by induction on k. 

If fc = 1 then every open definable subset of J is J-definably normal by Lemma 
3.7. On the other hand, the inductive step follows from Lemmas 3.8 and 3.9. □ 

The following consequence of Proposition 3.10 will be useful later: 

Corollary 3.11. Let X be a locally definable 3-bounded manifold. If Z is a locally 
closed definable subset of X, then every open definable subset of Z if a finite union 
of open definahly normal definable subsets. 

Proof. Intersecting Z with the definable charts of X we may identify Z with a 
definable subset of J and the result follows from Proposition 3.10. □ 

We this subsection with some observations. Recall that a definable space X is 
completely definably normal if one of the following equivalent conditions holds: 

( 1 ) every definable subset Z of X is a definably normal definable subspace. 

( 2 ) every open definable subset [/ of X is a definably normal definable subspace. 

(3) for every closed definable subsets Zi and Z 2 of X, if Zq = Zi fl Z 2 , then 
there are open definable subsets Vi and V 2 of X such that: 

(i) Zi\V = Zo,z = l,2. 

(ii) VlI^V2 = %■ 

(iii) Vi n V 2 C Zq. 

(4) for every definable subsets £1 and £2 of X, if £1 n £2 = £1 H £2 = 0, then 
there are disjoint open definable subsets Ui and U 2 oi X such that Si C Ui 
for i = 1 , 2 . 

In topology a Hausdorff compact space is normal and moreover completely de¬ 
finably normal. In the paper [16] it was showed that if M has definable choice, then 
every Hausdorff definably compact definable space is definably normal, however the 
following shows that definable choice functions is not enough to guarantee complete 
definable normality: 


Example 3.12. Let Ii = ((-idi,di), Oi,-|-i,- 1 , <) and I 2 = ((- 2 ^ 2 , ^ 2 ), 02,4-2, 
— 2 , <) be two orthogonal definable group-intervals. Let {bi,b[) C Ii and (& 2 , C 
I 2 be definable sub-intervals bounded in Ii and I 2 respectively and consider also 
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a point {a,b) € ibi,b[) x ( 62 , & 2 )- Take X = x [& 2 ,&y and U = {{bi,b[) x 

(&2, \ {(a, &)}, and take A = {a} x ( 62 , 62) and B = {bi,b[) x {b}. 

Let I = /i X J 2 . Then I has definable choice (Fact 3.4), X is I-definably compact 
and I-definably normal (Lemma 3.9) but the open I-definable subset [/ of X is not 
I-definably normal. Indeed, A and B are closed disjoint in U which, by the descrip¬ 
tion of open definable subsets of I (Lemma 3.8), cannot be separated by disjoint 
open I-definable subsets. 


3.3. Covering maps in products of definable group-intervals. Here we study 
the locally definable covering maps between locally definable J-bounded manifolds 
extending the results proved in o-minimal expansions of ordered group in [13]. 

Below we let J = H^^Ji be a cartesian product of definable group-intervals 

Ji — (( ibi,bi), Oi,-|-j, i,<). 

In this subsection we will need to relativize the notions and results of Subsection 
2.2 to J in the following way: 

- A basic d-J-interval is a basic d-interval X = ([a, h\, (Oi, Ij)) with [a, h\ C J; 
for some I G {!,..., m}; a d-J-interval is a d-interval I = Ii A • • • Al„ with 
each Xi a basic d-J-interval. 

- If A is a locally definable J-bounded manifold, then a definable J-path 
(resp. constant definable J-path, or definable J-loop) is a definable path 
(resp. constant definable path or definable loop) a : X ^ X with X a d-J- 
interval; X is definably J-path connected if for every u,v in X there is a 
definable J-path a :X ^ X such that ao = u and ai = v. 

- If A and Y are locally definable J-bounded manifolds, then two definable 
continuous maps f,g :Y - 5 - A are definable J-homotopy, denoted / ~j g, 
if there is a definable homotopy F{t, s) ■. Y x J ^ X between / and g 
with J a d-J-interval; two definable J-paths 7 : X —)■ A, d : ^7 A, 
with 7 o = do and 71 = di, are definably J-homotopic, denoted 7 «j d, if 
there are d-J-intervals X' and J' such that J' l\X = J f\X', and there is a 
definable J-homotopy 

fixing the end points. 

The results proved in Subsection 2.2 for the relations ^ and « hold also for 
and «j respectively. 

Let A be a locally definable J-bounded manifold, ex G A and xq.xx € A. Let 
P‘^(A, xo, xi) denote the set of all definable J-paths in A that start at xq and end 
at xi and let L'^(A, ex) denotes the set of all definable J-loops that start and end 
at a fixed element ex of A (i.e. L‘^(A, ex) = P'^(A, ex, ex))- Then the restriction 
of ~j to P'^(A,xo,xi) X P‘^(A,xo,xi) is an equivalence relation on P‘^(A,xo,xi) 
and 

is a group, the o-minimal 3-fundamental group ^^(A, ex) of A, with group oper¬ 
ation given by [ 7 ][d] = [7 • d] and identity the class a of constant J-loop at ex. 
Moreover, if / : A ^ A is a locally definable continuous map between two locally 
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definable J-bounded manifolds with ex & X and ey & Y such that /(ex) = ey, 
then we have an induced homomorphism /* : TTf{X, ex) —>■ T^iiY, ey) : [ ct ] ha [/ oct ] 
with the usual functorial properties. 


Notation: As usual for a definably J-path connected locally definable J-bounded 
manifold X if there is no need to mention a base point ex € A, then by Corollary 
2.14 (1), we may denote Trf{X,ex) by 7rf(A). 

We start with the following in which the proof of (1) is similar to that of [7, 
Chapter 6, Proposition (3.2)] and in the proof of (2) we use the observation that, 
as in o-minimal expansions of ordered groups ([1, Lemmas 3.1 and 3.2]), there is 
a definable J-deformation retract from a J-cell which is J-bounded to a J-cell of 
lower dimension. 


Lemma 3.13. Let C C 11™ ;^(—^) he a 3-cell. Then: 

(1) C is definably 3-path connected. In fact there is a uniformly definable family 
of definable 3-paths connecting a given fixed point in C to any other point 
in C. 

(2) If C is a 3-bounded subset, then C is definably 3-simply connected, i.e 
x?(C) = 1. 

Proof. ( 1 ) We prove the result of the inductive definition of J-cell. If C is a J-cell 
in Ji, then C is either a point or an open interval with endpoints in JiU{—i^, 
and (1) is clear in both cases. Otherwise, there is ? € {1,..., m — 1} such that C is 

a J-cell in n(i](—^) and C is either of the form r(/), for some / S L^B), or 

if,9)B for some f,g e L’'^{B),f < g, where B is a J-cell in ^). 

If C = r(/), then the projection of C onto B is a definable homeomorphism 
and (1) follows by induction hypothesis. Suppose that C = {f,g)B, and moreover 
assume also that —< f < g < if not the argument is easier. Let 
{x,u), {x',u') S C with x,x' € B. 

By Fact 3.2 we can do the operations in the component and 

so {x, fj;', g c. Let a : I —s- C be the vertical definable 

J-path with aox = and ai^- = (x, and let a' : I' —>■ C be the 

vertical definable J-path with = {x', and = {x',u'). By the 

induction hypothesis, let /? : 77 —> B be a definable J-path with Poj = x and 

/3i^ = x'. Then a ■ ■ a' : I A J Al' ^ C where 7 ( 1 ) = (/3(t), ) 

is a definable J-path in C connecting {x,u) to {x',u'). Since the definable J-paths 
a, a' and ft can be chosen uniformly, the definable J-path 7 can also be dehned 
uniformly. 

(2) By Fact 3.2 we can apply the operations x—ty, x-\-iy and ^ in each coordinate 
of liffiJi, just like in the proof of [1, Lemmas 3.1 and 3.2]), to show that: 

Claim 3.14. If C is a 3-cell in Ji which is 3-bounded subset, then C is definably 
3-contractible to a point in Ji. 

Claim 3.15. If C is a 3-cell in n(l] which is a 3-bounded subset, then there is a 
definable 3-deformation retract of C to a 3-cell B CC of strictly lower dimension. 
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A definable J-deformation retract from C to B is a definable J-homotopy F : 
C X I —>• C between idc and is o r, where r : C ^ B is given by r{x) = F{x, li) 
and is '■ B ^ C is the inclusion, such that F{b,t) = b for all b € B and all 
t G 2. Since r o ig = ids and idc ~ is o r, it follows that, ii b G B C C, then 
iB* ■ {B, b) -G Trf (C, b) is an isomorphism with inverse r*. 

By induction on the dimension of C we conclude that (C) = 1 as required. □ 

By Theorem 2.2 and Lemma 3.13 we have the following. Compare with the cor¬ 
responding results [13, Lemma 2.9 and Proposition 3.1] in o-minimal expansions of 
ordered groups. 

Corollary 3.16. Let X be a definable 3-bounded manifold of dimension n. Then 
the following hold: 

(1) X is definably connected if and only if X is definably 3-path connected. 
In fact, for any definably connected definable subset D of X there is a 
uniformly definable family of definable 3-paths in D connecting a given 
fixed point in D to any other point in D. 

(2) X has an admissible cover {Os}sg 5 by open definably connected definable 
subsets such that: 

• {OJ sgS refines the definable charts of X; 

• for each s G S, Og is definably homeomorphic to a 3-cell of dimension 
n, in particular, the o-minimal 3-fundamental group ^^{Os) is trivial. 

We will need one further crucial result. Compare with [17, Section 2] in o- 
minimal expansions of fields or [13, Lemma 2.13] in o-minimal expansions of or¬ 
dered groups. But first we need to recall a few definitions. See for example [13]. 

Given a definably connected locally definable manifold S, a locally definable 
manifold X and an admissible cover U = {Ua}aGi of S by open definable subsets, 
we say that a continuous surjective locally definable map px : AT —> S' is a locally 
definable covering map trivial overU = {C/ajo-g/ if the following hold: 

• pf}{Ua) = Ui<A S' disjoint union of open definable subsets of X; 

• each Px\u}^ : Uf ^ Ua is a definable homeomorphism. 

A locally definable covering map px : ^ S is a locally definable covering map 
trivial over some admissible cover U = {Ucf\a^i of S by open definable subsets. 

We say that two locally definable covering maps px : X ^ S and py : Y ^ S 
are locally definably homeomorphic if there is a locally definable homeomorphism 
F : X such that: 

• Px =Py o F. 

Such F : X ^Y is called a locally definable covering homeomorphism. 

A locally definable covering map px : AT —> S is trivial if it is locally definably 
homeomorphic to a locally definable covering map S x M ^ S : (s, m) i—> s for 
some set M. 

Let py : Y -G T he a locally definable covering map, X be a locally definable 
manifold and let / : AT T be a locally definable map. A lifting of f is a contin¬ 
uous map f : X ^ Y such that Py o f = f. Note that a lifting of a continuous 
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locally definable map need not be a locally definable map. However, if X is defin- 
ably connected, then any two continuous locally definable liftings which coincide in 
a point must be equal [13, Lemma 2.8]. 


Lemma 3.17. Let X and S be locally definable J-bounded manifolds. Suppose that 
px : X ^ S is a loeally definable covering map. Then the following hold. 

(1) Let 7 :1 —>■ X be a definable 3-path in S and x € X. If px(x) = 70 , then 
there is a unique definable 3-path : I ^ X in X, lifting 7 , such that 
7 o = X. 

(2) Suppose that F :XxJ X is a definable 3-homotopy between the definable 
3-paths 7 and a in S. Let be a definable 3-path in X lifting 7 . Then 
there is a unique definable lifting F : I x J ^ X of F, which is a definable 
3-homotopy between 7 and a, where a is a definable 3-path in X lifting a. 

Proof. Let IL = {Ua}a&i be an admissible cover of S by open definable subsets 
over which px ■ X ^ S is trivial. We may assume that IL = {Ua}aGi refines the 
definable chart s of S' witnessing the fact that S is a locally definable J-bounded 
manifold. 

(1) First we assume that I is a basic d-J-interval ([a, b], (Oi, li)). We may also 
assume that the definable total order <x on the domain [a, 6 ] of I is < . If not, the 
argument is similar, one just has to construct the lifting from right to left instead 
of from left to right. 

Let L C / be a finite subset such that 7 ([a, 6 ]) C Then [a,b] C 

7 “^(C/;), with the 7 “^(C/;)’s open in [a,b]. By Lemma 3.7, [a,b] is defin- 
ably normal and so by the shrinking lemma (Fact 3.6), for each I G L there is 
Wi C [a, &], open in [a, &] such that Wi C Wi C 7 “^(C/;) and [a,b] C 
Therefore, there are a = sq < si < ■ ■ • < Sr = b such that for each i = 0,..., r — 1 
we have 7 ([si,Si+i]) C Up,) (and 7 (s*+i) e Upi) n Upt+i)). 

Lift 71 = 7 |[a,si] to 71 = {p.jjio 0 7 |[a,si], with 7 io = x, using the definable 

J(0) 

homeomorphism : ^ 1 ( 0 ) ^do)> where is the definable connected com¬ 

ponent of p~^{Upo)) in which x lays. Repeat the process for each 7^+1 = 
with 7 i(si) instead of x. Patch the liftings together to obtain 7 . 

Now if I = Ii A ... A Ife with each li a basic d-J-interval apply the previous 
process to lift 71 = 7 |Xj to fi'i, with qqg = x and repeat the process for each 
7 i_i_i = 7 |Xi+i with 7 ^(lxi) instead of x. Patch the liftings together to obtain 7 . 

Uniqueness follows (in each step) from [13, Lemma 2.8]. 

(2) First assume that J" is a basic d-J-interval {[c,d],{Qj,lj)). We may also 
assume that the definable total order <7 on the domain [c, d] of J" is < . If not, 
the argument is similar, one just has to construct the lifting from top to bottom 
instead of from bottom to top. 

To proceed we also assume that I is a basic d-J-interval ([a, 6 ], (Ox, lx))- We may 
furthermore assume that the definable total order <x on the domain [a, b] of I is 
< . If not the argument is similar, one just has to construct the lifting from right 
to left instead of from left to right. 

Let L C / be a finite subset such that F{[a,b] x [c, d]) C Then [a,b] x 

[c, d] C ([//), with the U“^([//)’s open in [a, 5] x [c, d]. By Lemma 3.7, 

both [a, 5] and [c, d] are definably normal and so by Lemma 3.7 or Lemma 3.9 
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[a, b] X [c, d] is definably normal. Hence by the shrinking lemma (Fact 3.6), we have 
that for each I G L there is Wi C [o, 5] x [c,d], open in [a,b] x [a,d] such that 
Wi C Wi C F~^{Ui) and [a,b] x [c,d] C Now take a J-decomposition 

of [a, &] X [c, d] compatible with the Wj’s. This J-decomposition is given by a 
decomposition a = to < ti < ■ ■ • < tr = b oi [a,b] together with definable continuous 
functions fij : [ti, ti+i] —>■ [c, d] for i = 0 ,..., r — 1 and j = 0,... ,ki such that: 
(i) f^,o < /i.i < ••■ < fi,ki for z = 0 ,... ,r - 1 ; (ii) r(/j,o) = [U,U+i] x {c} and 
r(/*.fcj = [U, ti+i] X {d} for z = 0,..., r — 1; (hi) the two-dimensional J-cells are of 
form For each two-dimensional J-cell Cij and each l(i,j) 

such that Cij C we have F{Cij) C and for any two-dimensional 

J-cells Ci^j and Q/j' in [a, 6 ] x [c, d], and for each l{i, , j'), such that Cij C 

Wi(ij) and C we also have F{C^^j n C n 

)“^ o using the definable homeomor- 


Lift Fo,i = Ff^ to Fo,i = (P|,yo,i 
' ’ I 1(0.1) 


phism p 


IfoTo.U ■ 
-1 


Upo.i), where is the dehnable connected compo¬ 

nent of p“^(C//(o,i)) in which j{[to,ti]) lays. Repeat the process for each Fb,i+i = 
^\cFi+i ^o.jiXifoj)) instead of 7 ([to, ti])- Patch the liftings together to obtain 


Fb : X [c,d] -G X a dehnable lifting of F'|[zo,ti]x[c,d] which is a dehnable J- 

homotopy between oind CT|pp Repeat the above process again but now for 

each z = l,...,r — 1 , starting in each case with ti+i]) and obtain the liftings 
Fi : X [c,d] X a dehnable lifting of which is a dehnable 

J-homotopy between ^\[ti,ti+x] and These liftings patch together to give a 

dehnable lifting F : [a, b] x [c, d] —?■ X of F which is a dehnable J-homotopy between 
7 and d. 

Now if T = Ii A ... Aik with each Ii a basic d-J-interval apply the previous 
process to lift Fi = F\Xix[c,d] to Fi, with Fi(Fi,c) = 7 (Fi) and repeat the process 
for each F^+i = F\Xi+ix[c,d] with 7 (Ti+i) instead of 7 (Ti). Then patch these liftings 
together to obtain a dehnable lifting F : I x J' ^ X oi F which is a dehnable 
J-homotopy between 7 and d. 

Now if J" = Ji A ... A Jk with each Jj a basic d-J-interval apply the previous 
process to lift Fi = F^xxJi to Fi, with Fi(F, OyJ = j{I) and repeat the process 
for each Fj+i = F\xxjj+i with Fj{I,lj.) instead of Fi(F,OyJ. To hnish patch 
these liftings together to obtain a dehnable lifting F : F x [c, d] —?■ X of F which is 
a dehnable J-homotopy between 7 and d. 

As above, uniqueness follows from [13, Lemma 2.8]. □ 


We end by observing that all the main results from [13] about locally dehnable 
coverings maps and o-minimal fundamental groups in o-minimal expansions of or¬ 
dered groups also hold for locally dehnable coverings maps between locally dehnable 
J-bounded manifolds and o-minimal J-fundamental groups. 


Remark 3.18. Let P be at the full subcategory of locally dehnable spaces in M 
whose objects are the locally dehnable J-bounded manifolds. Then in the category 
P the following hold: 

(PI) (a) every object of P which is dehnably connected is uniformly dehnably 
J-path connected; 
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(b) given a locally definable covering map px : X —>■ S' in P then: (i) every 
definable J-path 7 in S has a unique lifting 7 which is a definable J- 
path in X with a given base point; (ii) every definable J-homotopy F 
between definable J-paths 7 and ct in S has a unique lifting F which 
is a definable J-homotopy between the definable J-paths 7 and a in 
X. 

(P2) Every object of P has admissible covers by definably J-simply connected, 
open definable subsets refining any admissible cover by open definable sub¬ 
sets. 

As observed in the Concluding remarks of the paper [13], with (PI) and (P2) 
one proves in exactly the same way all the main result of the paper [13]. In fact, 
besides (PI) and (P2) (and their consequences) everything else that is required is: 
[15, Lemma 2.1 (1)] (in the proofs of [13, Theorem 3.4 and Proposition 4.3], [15, 
Corollary 2.2] (in [13, Remark 3.12]), [15, Corollary 2.3] (in [13, Remark 3.13]) 
and [7, Chapter 6 , (3.6)] (in [13, Theorem 3.16 and 4.7]). Now the quoted results 
from [15] hold in arbitrary o-minimal structures (and for locally definable spaces as 
well). On the other hand, [7, Chapter 6 , (3.6)] is used to notice that the domains 
of the “good” definable paths are definably normal. In our case here the good 
definable paths are the definable J-paths and their domains are definably normal 
by Proposition 3.10. 

The fact that (PI) and (P2) are the only requirements needed to develop this 
kind of theory is somewhat not surprising. Indeed in topology, where we have good 
notions of paths and homotopies with the lifting of paths and homotopies property, 
all one needs is existence of such nice open covers as in (P2). In the o-minimal con¬ 
text (here and in [13]), the role that (PI) (b) and (P2) play is similar to the role the 
analogue properties play in topology. However, (P2) is often used in combination 
with the results from [15] mentioned above to get local definability. Also (PI) (a) 
is required essentially only once and to get local definability (see [13, Proposition 
2.18]), the other places where it is used, it is used to replace definably connected 
by definably path connected. 


Due to Remark 3.18, in the rest of the paper, when needed, we will freely use 
the results of [13] in our context locally definable coverings maps between locally 
definable J-bounded manifolds and o-minimal J-fundamental groups. 

Question: Let X be definably connected, locally definable J-bounded manifold. 
It is not difficult to prove that idx : X ^ X induces a well defined surjective 
homomorphism l : tt^{X) —>■ 'Ki{X). Indeed, a definable J-homotopy is a defin¬ 
ably homotopy and by Theorem 2.2 and Lemma 3.13 every definable path in X 
is definably homotopic to a definable J-path. Is i : TTf{X) —> tti{X) always an 
isomorphism? 


3.4. Cohomology with definably compact supports of J-cells. Here we com¬ 
pute the o-minimal cohomology with definably compact supports of J-cells. This 
will be necessary later for the theory of orientability. 

We start with the following easy observation: 
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Fact 3.19. Let h : X ^ Y a continuous definable map between definable spaces. If 
K C X is a definably compact definable subset with definable choice for uniformly 
definable families of closed definable subsets, then h{K) is a definably compact de¬ 
finable subset ofY. 


Below we let J = IVfL.^Ji be a cartesian product of definable group-intervals 
Ji — (( ibi,bi), i,<)- 

Let C be a J-cell which is a J-bounded subset and of dimension r. By Fact 3.2, 
we assume that C C WlLi[—iCi,Ci] for some Oj < Cj < ^ in Ji and the group-interval 
operations x —iy, x —iy and | are all defined in each coordinate of 11™ Ji. 

Following a similar construction in o-minimal expansions of ordered groups from 
[1, Lemma 7.1], it was defined in [19, Lemma 4.11] the definable family : 

Oi < U < i = l,...,m} of closed and J-bounded subsets by induction on 
I G {1,..., m — 1} in the following way. 

(1) If ^ = 1 and C is a singleton in Ji, we define Ctj = C. 

(2) If Z = 1 and C = (J, e) C Ji, then Ct^ = [d -hi 7 i\,e —i where = 
min{|^^^|i,ti}, (in this way Ct^ is non empty). 

(3) If Z > I and C = r(/), where / G L*(i?) is a continuous definable map and 

B is nj<i Ji-cell which is a nj<i Ji-bounded subset. By induction is 

defined. We put 

(4) If Z > I and C = {f,g)B, where f,g& are continuous definable maps, 

B is ni<i Ji-cell which is a ni<i Ji-bounded subset and f < g. By induction 

is defined. We put = [f 9 

where := min(l|;+i, t;+i). 

By construction we have: 

Remark 3.20. Let C be a J-cell which is a J-bounded subset. Assume that 
C C n™ jCi, Ci] for some Oi < ^ in J^. Then the following hold: 

(1) C = where the union is over all m-tuples Zi,..., tm- 

(2) If Oi < Z' < ti for all i = 1,..., TO, then C 

(3) There is a point pc & C such that for all Zi,..., Zm, if Ci < ti for all 

Z = 1,..., TO, then = {pc}- 

Lemma 3.21. Let C be a 3-cell which is a 3-bounded subset. Then is a 

closed (hence definably compact) definable subset of C for any Zi,... ,tm- 

Proof. The proof is by induction onZ G {1 ,...,to— 1} and the construction. If 
Z = I and C is a singleton in Ji, then the claim is clear. If Z = I and C = {d, e) C J^, 
then the claim is also clear. 

Let Z > 1 and C = r(/), where / G L’-{B) is a continuous definable map 
and B is ni<iJi-cell which is a ni<i Ji-bounded subset. Consider the restriction 
'K\C : C* —> R of the projection. This is a definable homeomorphism. By in¬ 
duction hypothesis is closed for any Zi,...,Z;. On the other hand, since 

= r(/|Btj.t,) for any Zj+i, the claim follows. 

Let Z > 1 and C = {f,g)B, where f,g G LfiB) are continuous definable maps, 
B is ni<; Ji-cell which is a ni<i Ji-bounded subset and f < g. Let tt\c : C —>■ R be 
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the restriction of the projection. By induction is closed for any ti,... ,ti. 

Also, since 

[/ “fl+l 9 I+l . tl 

(recall that := min(|^^^^^^|i+i,t;+i)) then, for each x e the fiber 

(7r|c)"^(a;) nCt^^.. closed. Let {x,y) G C be an element in the closure of 

Cti,.Then a: G and {x,y) G {TT\c)~^{x)r\Ct,,...,ti,t,+i Q 

Since is also bounded in M™, it follows by [35, Theorem 2.1] that 

is definably compact. □ 

Lemma 3.22. Let C be a 3-cell which is a 3-bounded subset. Let K G C be 
a definably compact definable subset. Then there are ti,... ,tm such that K C 

Proof. The proof is by induction on^ G 1} and the construction. If 

I = 1 and C is a singleton in Ji, then the claim is clear. If ? = 1 and C = {d, e) C Ji, 
then the claim is also clear. 

Let I > 1 and C = r(/), where / G L\B) is a continuous definable map and B is 
Ji-cell which is a ni</J^-bounded subset. Consider the restriction : C ^ B 
of the projection. This is a definable homeomorphism. By induction hypothesis 
there are tl,... such 7r|c(A:) C Bt^^...^tr Since for any 

ti+i, the claim follows. 

Let I > 1 and C = {f,g)B, where f,g € L\B) are continuous definable maps, 
B is ni<; Ji-cell which is a ni<; Ji-bounded subset and f < g. Let ■ C ^ B he 
the restriction of the projection and let : C Ji+i be the other projection. By 
Facts 3.4 and fact def skolem def compl, n^ciK) is a definably compact definable 
subset of B. By induction there are ti,... ,ti such that tt\c{K) C Bt^^...^ti ■ Similarly, 
for each x G if Kx = {{x,y) £ C : {x,y) G K}, then Tr'^^{Kx) is a 

definably compact definable subset of J/+i. So define maps s : Ji+i ■ 

s(x) n- min( 7 r|^(Ara;)) and s' : 7ri(y(K) J;+i : s'(a;) i-G max(7rli^(Kx)). Of course 
we have f(x) < s(x) < s'(x) < g(x) for all x G 7 r|c(Ar). We claim that there is 
Oi+i < t/+i < Q+i (in J/+i) suchthat/(a;)+/+iti+i < s(x) < s'(x) < g(x)-i+iti+i 
for all X G 7ric(K). If not, then by definable choice, there are 0;+i < ej+i < 
c;+i (in J/+i) and a definable map 7 : (0;+i,e/+i) C J;^_i ^ 7 r|c(A') such that 
5 ( 7 ( 0 ) -i+i i < s'ili't)) (resp. s(7(0) < /(7(0) +/+1 t- By o-minimality, after 
shrinking (Oi+i,e;+i) if necessary, we may assume that 7 and s' o 7 (resp. s o 7 ) 
are continuous. Since 7 r|c(Ar) is definably compact, the limit limt_ 5 . 0 ;_|.i 7(0 exists 
in Tr^c{K), say it is equal to A: G 7 r|c(Ar). But then we obtain, g{k) < s'(fc) (resp. 
s{k) < f{k)) which is absurd. 

Now if we take 

+ i [/* 1 5 I+l . ±1 

(recall that := min(| |;+i, then the result follows in this case 

also. □ 

Below we denote by Zz the constant sheaf with value Z on a definable space Z 
equipped with the o-minimal site .^def- 
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By [19, Lemma 4.8], if C be a J-cell which is a J-bounded subset, then C is 
acyclic, i.e. H^{C]Ijc) = 0 for p > 0 and iL°(C';Zc) = Z. 

Regarding the o-minimal cohomology with definably compact supports we have: 


Proposition 3.23. Let C be a 3-cell of positive dimension r which is a 3-bounded 
subset. Then 


{ Z if I = r 

0 if l^r. 

Moreover, the inclusion induces an isomorphism ^ (C';Zc) — iL*(C';Zc) 

for every h,... ,tm- 

Proof. For short, write Cj (resp. Cjr) instead of (resp. If 

Oi < t' < for alH = 1 ,..., m then we have a commutative diagram 

Hh-{C) -^ H\C) -^ H\C \ Cj) -^ ^ 


Hf_{C) -^ H\C) -^ H\C \ Cjr) -^ dTc>^{C) ->- 

(where we omitted the coefficients) given by the pairs (C, C \ Cj) and [C, C \ Cjr). 
By the hve lemma and [19, Lemmas 4.8 and 4.11 (2)], we conclude that 

Hh., . 

In particular, we have Hq_{C-,Zc) — iLp^(C';Zc) ~ 0 (using the notation of 
Remark 3.20, the fact that r > 0 and [19, Lemma 4.8]), and so from the top long 
exact sequence in the previous commutative diagram we obtain 

H‘c^iC;Zc)^H^-HC\Cr,Zc). 

On the other hand, by Lemma 3.22, for every definably compact definable subset 
AoiC there is f such that A C Cj. Therefore, by definition of o-minimal cohomology 
with definably compact supports, we have: 

HfiC-Zc) = lii§i?l(C;Zc) 

A.^c 

t 

where c denotes the family of definably compact definable subsets of C. Therefore 
the result follows from [19, Lemma 4.11 (3)]. 

□ 


By Theorem 2.2 and Proposition 3.23 we have: 

Corollary 3.24. Let X be a definable 3-bounded manifold of dimension n. Then 
every open definable subset U C X is a finite union of open definable subsets 
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Ui,... ,Ui C U each of which is definably homeomorphic to a 3-cell of dimension n 
and such that, for each i, we have: 

{ Z if p = n 

0 if p^n. 

3.5. On the orientability of definable J-bounded manifolds. Here we in¬ 
troduce the notion of orientability for definable J-bounded manifolds and prove a 
criteria using locally definable Z-covering maps. 

As before, below we let J = H™^ Ji be a cartesian product of definable group- 
intervals Jj = 

Since a definable J-bounded manifold can be assume to be J-definable and J has 
definable choice functions and on the other hand, by [16], Hausdorff J-definably 
compact spaces are J-definably normal, it follows that, if X is definably locally 
compact, then the family c of definably compact supports on X is a definably 
normal family of supports. 

By Corollary 3.24 and [20] we then have: 


Fact 3.25. If X is a definably locally compact definable 3-bounded manifold of 
dimension n, then X has an orientation sheaf Orx (relative to the o-minimal site 
Aidef on X) whose sections are given by 

r{U;Orx)c^liom{Hf{U;Zx),Z) 

for each open definable subset U Q X. Moreover, the sheaf Orx is locally constant. 

Following [20] we say that X is orientable if there exists an isomorphism Zx ^ 
Orx of sheaves on Aidef. If X is orientable, then the orientation class px G 
T{X-,Orx) is the section image of the section lx G T{X;Zx) by the orientation. 

By [13, Proposition 4.3] (see also [13, Example 4.2]) we have an equivalence 
between the category of locally constant Zx-sheaves on Xdef and the category of 
locally definable Z-covering maps of X. Note that [13, Proposition 4.3] is proved in 
o-minimal expansions of ordered groups but it only uses [15, Lemma 2.1 (1)] which 
holds in arbitrary o-minimal structures. By this equivalence of categories (and its 
proof) we have: 

Fact 3.26. Let X he a definably locally compact definable 3-bounded manifold of 
dimension n. Then there is a canonically associated locally definable Z-covering 
map 

Wo ■ ^ at 

where Wq = [J^-gx and wq{sx) = x, such that X is orientable (i.e. there is 

an isomorphism Or ~ Zx of sheaves on X^ei) if and only if the locally definable Z- 
covering map wq : Wq -x X is trivial. Moreover, if is an admissible cover 

of X by open definable subsets such that for each j € J the restriction Orx\Uj — 
then WQ : Wq X is a locally definable Z-covering map trivial over 
lA = {Uj}j(zj with, for each j € J 
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• each WQ^u : C/J" —>■ Uj is a definable homeomorphism 
where for m S Z, Up = {s^; : r([/j; Orx) ~ Z : s m, x G Uj}. 

Above Orx.x are the stalks 

Orx,x = \\^T{U]Orx) 

x^U 

of the orientation sheaf and the limit is over open definable subsets U C A of A 
such that X gU. 

By Fact 3.25 and Corollary 3.24 we have: 

Lemma 3.27. Let X be a definably locally compact definable 3-bounded manifold 
of dimension n. Then for each x G X we have 

Orx,x ^ Hom(iJf^}(A;Zx),Z). 

Proof. Let x G and P C A an open definable subset of A such that x G V. 
Then by excision isomorphism we have (V; %x ) — ^{x} ^ other 

hand, if U is definably homeomorphic to an open J-cell C and x corresponds to 
Pc G C under the definable homeomorphism, where pc is the point of C given by 
Remark 3.20 (3), then by Proposition 3.23 (including also the moreover part) and 
Remark 3.20 (3), we have also 

Hf^yiX;Zx) Hf^y{U-,Zx) H:{U;Zx) Z. 

Since, using first Corollary 3.24, we have for every open definable subset R of A 
such that X GV there is an open definable subset U of V such that x gU and U is 
definably homeomorphic to an open J-cell C and x corresponds to pc G C under 
the definable homeomorphism, by Fact 3.25 and the above isomorphisms, we have 
that 

Orx,x = lirpr(R; C>rx) 
xev 

~ lin^ Hom(g"(R;Zjc),Z) 

xev 

~Hom(iJ(;^(A;Zx),Z). 


□ 


3.6. Degree theory for definable J-bounded manifolds. Here we introduce 
degree theory for continuous definable maps between dehnably locally compact, 
definable J-bounded manifold of positive dimension n. 

We recall the following consequence of Alexander duality proved in [20]: 

Fact 3.28. Let X be a definably locally compact, definable 3-bounded manifold of 
positive dimension n which is orientable. If Z a definably compact definable subset 
with I definably connected components, then there exists an isomorphism 

H^{X-,Zx) Hom(iJ°(Z; Zx), Z) ~ Z' 
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induced by the given orientation. In particular, by excision, if U is an open definable 
subset of X such that Z CU, then we have an isomorphism 

compatible with the inclusions of open definable neighborhoods of Z in X. 

Since the functor Honi(*,Z) on the category of abelian groups when restricted 
to the subcategory of torsion free abelian groups is exact, below we will denote it 
by (•)^. In particular, we will use quite often the fact that if / : ^ i? is an 
isomorphism of torsion free abelian groups, then also an isomor¬ 

phism of abelian groups. 


Definition 3.29. Let X be a definably locally compact, definable J-bounded man¬ 
ifold of positive dimension n which is orientable. Let Z be a definably compact 
definable subset with I definably connected components and U an open definable 
subset of X such that Z C U. 

We call the element (z G ^ corresponding to (1,..., 1) G Z* the fun¬ 

damental class around Z. If X is definably connected and definably compact, then 
we call Cjf the fundamental class of X. 


Remark 3.30. Let X be as above. Let Z, Z\ C Zi be definably compact, definable 
subset of X. Then: 

(1) If Z = 0, then C,z = 0. 

(2) is the image of under the homomorphism 
induced by inclusion. 

(3) If Z is definably connected, then H'^{U;'Lx) — Z and (fz G H'^{U;Zx) ^ 

is a generator. 

(4) If X is definably connected and definably compact, then the fundamen¬ 
tal class Ca G H'^{X-,IjxY of ^ corresponds to the orientation class 

Hx &nX-,Orx). 


Definition 3.31. Let X and Y be definably locally compact, J-bounded manifolds 
of positive dimension n which are orientable. Let f '■ Y X a definable continuous 
map. Let Z be a definable connected, definably compact, nonempty definable subset 
of X such that f~^{Z) is a definably compact definable subset of Y. 

We call degree of f over Z the unique element degzf G Z such that the image 
of the fundamental class around f~^{Z) under the map 

(r) (F; Zy) ^ ^ HYX-, ZxV. 

is given by 

irnCf-Hz)) = degzf Cz. 

If Y is definably compact and X definably connected, then deg/ := degxf is 
called the degree of f. Note that degzf = 0 if f~^{Z) = 0. 

The next lemmas establish some basic properties of the degree. Their proofs are 
classical but we include them for completeness. 
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Lemma 3.32. Let X and Y he definably locally compact, 3-bounded manifolds of 
positive dimension n which are orientable. Suppose that X is definably compact. 
Let V be a definable open subset ofY. Then the following holds. 

(1) Let f:V X be the inclusion map. Let Z be a nonempty definably con¬ 
nected definably compact definable subset ofV. Then, deg^f = 1- 

(2) Let f: Y ^ X be a definable homeomorphism onto an open definable sub¬ 
set of X. Suppose Z is a nonempty definably connected definably com¬ 
pact definable subset of X such that f~^{Z) is definably compact. Then, 
degzf = ±1. 

Proof. (1) The dual H'^{X;'Zx) ^ ^ H^{V ; Zx) ^ of the excision isomorphism 

is the inverse of (/*)^ : H^(y;Zx)'^ —t H^(X;Iix)'^ and hence (/*)^(Cz) = Cz 
(we have identified fz with its image through the dual of the excision isomorphism). 

(2) By H^{X;Zx)'^ Z and the dual iJ”(/(r);Zx)= iJ^(X;Zx)"' of the 
excision, the composition 

HUf{Y);Zxy^HUX-,ZxV 

must take C/-i(z) to ±Cz- □ 


Lemma 3.33. Let X and Y be definably locally compact, 3-bounded manifolds of 
positive dimension n which are orientable. Suppose that X is definably compact. 
Let f : Y ^ X be a definable continuous map. Let Z <Z Z\ he definably compact 
nonempty subsets of X such that Z is definably connected and f~^{Z) and f~^{Zi) 
are definably compact. Then, 

in ^ : Hniz,){Y-, Zy) ^ ^ n, in Zx) ^ 

takes C/-i(Zi) {degzf)Czf Moreover, if Z\ is also definably connected then we 
have degz f = deg^^ /. 

Proof. Consider the following commutative diagram 

Hn^z) (Y; Zy) ^ mx; Zx) ^ 

d*)" (j*)" 

Hniz,)(Y; 

where (f*)^ and (j*)^ are induced by the respective inclusion maps. Chasing 
C/-i(z) through the diagram gives Cf-^z) degzf Cz degzf Czi, respectively 

We have the following useful particular case: 

Corollary 3.34. Let X andY be definably compact, 3-bounded manifolds of posi¬ 
tive dimension n which are orientable. Suppose that X is definably connected. Let 
f : Y ^ X be a definable continuous map. Then deg^,/ := deg^-j,}/ = deg/, for 
any x G X. 


Finally we will also need: 
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Lemma 3.35. Let X and Y be definably locally compact, 3-bounded manifolds of 
positive dimension n which are orientable. Suppose that X is definably compact. 
Let f : Y ^ X be a definable continuous map. Let Z C X be a definably compact 
set such that f~^{Z) is definably compact. Suppose Y = Y\ such that each Y\ 
is an open definable subset ofY and f~^{Z) = U'fL^f~^{Z) n Y\. Then deg^f = 
'E\=i degz/^, where f^ = fiYY-Yx^X. 

Proof. Firstly, note that the Z'^ = f~^{Z) nYx are clopen in f~^{Z) and hence 
dehnably compact, so it makes sense to speak about the fundamental class around 
Z'^. Then observe that if i^ : (Yx, Y\ \ Z'fij —>• (Y, Y \ f~^{Z)) is the inclusion map, 
then the following diagram commutes 

{Yx; Zy) V HJ.,^Z)(Y; Zy) ^ 

(/*)'' 

H^{X;Zx)^. 



Now, for each p £ f ^{Z), consider the maps 

(Yx;Zy) ij;^,(^)(Y;Zy) i^p"(Y;Zy) 

and observe that (i^*) o {i^*)){(z ')) = Cp (all the components of fz' go to zero 
except the component containing p which goes to (p). Hence, by unicity of the 
fundamental class (*^*)(Cz^) = Cf-^{z)- Therefore, by the above diagram, we have 

(degzfKz = (/*)(C/-i(z)) 

= irm^niCzO) 


A=1 

m 

= C^^egzf^)Cz- 


A=1 


□ 


4. Applications to definably compact abelian groups 

In this section we prove our results about definably compact abelian groups as 
explained in the Introduction. 

4.1. Definably compact groups and products of definable group-intervals. 

The following result ([24, Theorem 3]) establishes the connection between definable 
groups and cartesian products of definable groups-intervals: 

Fact 4.1. If G is a definable group, then there is a definable injection G —> IVfLiJi, 
where each Ji C M is a definable group-interval. 

Using Fact 4.1, we have the following result from [19, Lemma 4.18]: 

Fact 4.2. If G is a definably compact definable group, then there is a cartesian 
product J = of definable group-intervals such that G has definable charts 

{{Ui, such that fifiUi) C for each i. 
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Due to Fact 4.2, for the rest of the paper, we will always assume that defin- 
ably compact definable groups are definable J-bounded manifolds. Also since J is 
constructed from G below we will call irf (G) the intrinsic o-niinimal fundamental 
group ofG. 

It follows from Remark 3.18 that we can extend to intrinsic o-minimal funda¬ 
mental groups of definably compact definable groups in M (an arbitrary o-minimal 
structure), the results about o-minimal fundamental groups already proved in o- 
minimal expansions of ordered fields ([17, Section 2]) or in o-minimal expansions 
of ordered groups ([12]). 

Theorem 4.3. Let G a definably compact, definably connected definable group. 
Then there exists a universal locally definable covering homomorphism p : G —^ G 
where G is a locally definable 3-bounded manifold. Moreover, the intrinsic o- 
minimal fundamental group irf (G) of G is abelian and finitely generated. 


Proof. By Remark 3.18 and [13, Theorem 1.2] there is a universal locally 
dehnable covering map p : G —>■ G in the category of locally definable J-bounded 
manifolds. So G is a locally definable J-bounded manifold. By [13, Proposition 
2.28] the definable group operations of G can be lifted to locally definable group 
operations on G making G a locally definable group and p : G —>■ G a locally 
definable homomorphism (compare with the proof of [12, Claims 3.9 and 3.10]). 

By Remark 3.18 and [13, Theorem 1.1] the o-minimal J-fundamental group 
TrfiG) of G is hnitely generated. As in [17, Lemma 2.3], ^^’(G) is abelian. □ 

The following is proved in exactly the same as the proof of its analogue in o- 
minimal expansions of ordered fields ([17, Theorem 2.1]): 

Theorem 4.4. Let G a definably compact, definably connected definable abelian 
group. Then there is s G N such that: 

(a) the intrinsic o-minimal fundamental group irf (G) of G is isomorphic to 1 /, 
and 

(b) the subgroup G[k] of k-torsion points of G is isomorphic to {'L/klL)’^, for 
each k gN. 

Proof. Since [17, Proposition 2.10] holds in arbitrary o-minimal structures, 
Pk : G ^ G : X ^ kx is & definable covering homomorphism with G[k] ~ Aut(pfc : 
G ^ G) (the group of definable covering homeomorphisms). By [13, Theorem 3.9] 
(and Remark 3.18) we have also G[k] ~ 7 r 5 ’(G)/pfc*( 7 rf (G)). Since [17, Lemmas 2.3 
and 2.4] hold here as well, Pfc*( 7 r]’(G)) = fc 7 r]’(G). Finally, by [13, Corollary 2.17] 
(and Remark 3.18), pk* : (G) tii (G) is injective and so the finitely generated 

abelian group 7 rf (G) is free. □ 

4.2. Orientability of definably compact groups. Here we show that definably 
compact definable groups are orientable. 

Let G a definably compact, definably connected definable group. By Fact 4.2, 
fix a cartesian product J = IVfLiJi of definable group-intervals such that G is 
definable J-bounded manifold. Since G is definably normal ([21, Corollary 2.3]), G 
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is definably locally compact. By Fact 3.25, G has an orientation sheaf Ora (relative 
to the o-minimal site on G) whose sections are given by 

r(C/;OrG)csHom(iJ,"(C/;ZG),Z) 

for each open definable subset U C G. 

Theorem 4.5. Let G be a definably connected, definably compact, definable group 
of positive dimension n. Then G is orientable. In particular, H^(<G]’La) — 

Proof. By Fact 3.26, there is a canonically associated locally definable Z- 
covering map 

wq : Wq —>■ G 

where Wq = U^eG wq(sx) = x, such that G is orientable if and only 

if the locally definable Z-covering map wq : Wq —^ G is trivial. Moreover, if 
Ui,... ,Ui is an admissible cover of G by open definable subsets such that for each 
j = 1,...,/, the restriction Orc\Uj — then wq : Wq —5- G is a locally 

definable Z-covering map trivial over lA = with, for each j = 1,... ,l ■. 

• '’Xq^Uj) = 

• each WQ\u. ■ Up Uj is a definable homeomorphism 

where for m G Z, G™ = {s^, : r{Uj]Orc) -. s m, x G Uj}. 

By Lemma 3.27, for each x G G we have 

Grc,. ^Hom(i7{”,j(G;ZG),Z). 

Let cg G G be the identity element and suppose that ea G Ui. Let Wea € 
Ora,x corresponding to 1 G Z under the isomorphism Otq^x — Z induced by the 
isomorphism ~ ^GlUi- 

For z G G lei : G ^ G : u ^ zu he the left translation by z. Then L* : 
H}'^y{G]ZG) -G Zg) is an isomorphism. So we can define G GrG,z to 

be the image (wea) of Wea under the dual of the isomorphism L*. 

Claim 4.6. For each j, there is a unique generator 

Wj G T{Uj-, Ora) Hom(i7”(Gj;ZG),Z) ~ Z 
such that ujz = (ujj)z for all z G Uj. 

Since Uj is definably homeomorphic to an open J-cell Cj , if Uj G Uj corresponds 
to pcj G Cj under the definable homeomorphism, where pcj is the point of Cj 
given by Remark 3.20 (3), then by excision and Proposition 3.23 (including also 
the moreover part) and Remark 3.20 (3), we have 

i7f„^j(G;ZG) ^ i7f„^}(G,;ZG) ^ Hf^UfM zz Z. 

Therefore, if z G Uj , then we have a commutative diagram of isomorphisms (where 
the dashed arrow is introduced to make the diagram commutative): 

(G; Zg) {U,M HfiUyM 



H^{G- Zg) - - - HfiUfM. 
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Since o we have {L^.Y = o {LlY and so = 

This together with the (dual) of the commutative diagram above 
shows that there is a unique generator ujj S T{Uj]Orc) — Hom(i/”({7j ; Zg), Z) ~ Z 
such that ujuj = and Wz = D 

Claim 4.7. Let s : G ^ Wq be the map given by s{z) = Wz- Then s : G ^ Wq is a 
continuous locally definable section to wq : Wq —> G fie. such that wqos = idc )■ 

We have wqos = idc and moreover, since G is definably connected, by Claim 4.6, 
for each j, we have s{Uj) = Uj = {s^, : T{Uj;Orc) cs Z : s 1, x € Uj}. Hence, 
s\Uj ■ Uj uj is the inverse to the definable homeomorphism wq^^j : Uj —>■ Uj. 
Therefore, s is continuous and locally definable as required. □ 

Finally, if a : Wq x Z ^ Wq is the locally definable Z-action making wq : 
Wq -5- G into a locally definable Z-covering map, then Wq ^ G x Z : x i—>■ 
(wq{v),Iv) where € Z is the unique element such that v = a(s{wQ{v)),ly) is 
a locally definable Z-covering homeomorphism showing that wq : Wq —> G is 
trivial. □ 


4.3. The Hopf algebra a definably compact group. Here we show that the 
o-minimal cohomology H*(G; kc) of a definably connected, definably compact de¬ 
finable group G with coefficients in a field fc is a connected, bounded, Hopf algebra 
over k of finite type. 

First we make a general observation: 

By going to Def, using the isomorphism Mod(fcxdet) — Mod(fcj^) ([14, Proposi¬ 
tion 3.2]) and [5, Chapter H, Section 7 and (8.2) ] we have: 

Fact 4.8. Let X be a definable space. Let k he a field. Then there is a cup product 
operation 

U : HP{X- kx) ® H\X-kx) ^ i7^’+«(X; kx) 
making H*{X; kx) into a graded, associative, skew-commutative k-algebra with unit 
in H^{X;kx)- This product is functorial and the algebra is connected if X is de¬ 
finably connected. 


In order to prove the main result of the subsection we need to use the Kiinneth 
formula relating the cohomology of G x G with the cohomology of G. Since cohomol¬ 
ogy in Def is the same as cohomology in Def and the tilde functor Def Def does 
not commute with products we cannot use the Kiinneth formula for cohomology in 
topology. However, as explained in the Introduction, after the work developed in 
[20], we do have Kiinneth formula for G x G after we show that the full subcategory 
of locally closed definable subsets of definably compact definable groups satisfies 
conditions (AO), (Al) and (A2) and definably compact groups satisfy condition 
(A3). 

But (AO) follows from that fact that a product of locally closed definable sub¬ 
sets of a cartesian product of definably compact definable groups is also a locally 
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closed definable subset of a definably compact definable group; (Al) follows from 
Fact 4.2 and Corollary 3.11; (A2) follows since: (i) a definably compact group is 
definably normal ([21, Corollary 2.3]) and (ii) a locally closed definable subset of 
a cartesian product of a given definably compact definable group has a definably 
normal completion, namely its closure; (A3) was proved in [19, Theorem l.lj. 

So by [20] we have: 

Fact 4.9 (Kiinneth formula). Let G be a definably compact definable group and k 
a field. Then there is a natural isomorphism 

H*{GxG-kG^G)^ 0 {HP{G-kG)(i>H’i{G-kG)). 

p+q=* 

Remark 4.10. Since the Kiinneth isomorphism (Fact 4.9) is natural. We have: 

• If / : G G and g : H ^ H are definable continuous maps between 
definably compact definable groups, then we can make the identification 

(/ X g)* = f* '^g*- 

• If : G X G —>■ G (z = 1, 2) is the projection onto the zth coordinate, then 
using {0} X G = G = G X {0}, it follows that for z € HP{G;kG) we can 
make the identifications ql{z) =201 and q^iz) = 1 ^ z. 

We can now prove the main result of this subsection: 


Theorem 4.11. Let G be a definably connected, definably compact definable group. 
Let k be afield. Then the o-minimal sheaf cohomology H*{G;kG) of G with coeffi¬ 
cients in k is a connected, bounded, Hopf algebra over k of finite type. Moreover, 
if char(fc) = 0, then we have a Hopf algebra isomorphism 

H*{G; kG) ^ l\[yi,---,yr]k 

with the exterior algebra with the yi’s of odd degree and primitive. 

Proof. By Fact 4.8, H*{G-,kG) is a connected, graded, associative, skew- 
commutative fc-algebra with unit in H^(G; kG). 

Let m : G X G ^ G the multiplication map. Let 

y.H*{G;kG)^ 0 {HP{G-kG)®H<i{G-kG)) 

p+q=* 

be the composition of m* : H*{G-, kG) —>■ H*{G x G; kGxc) with the isomorphism 
H*{G X G; kGxc) - ®p+g=^{HP{G-, kG) ® i?«(G; fcc)) given by the Kiinneth for¬ 
mula (Fact 4.9). From the properties of m, it is standard to show that y. is a 
co-multiplication making H*{G', kG) into a Hopf algebra over k. Compare with [17, 
Corollary 3.5]. 

Since G is definably normal ([21, Corollary 2.3]), by [14, Proposition 4.2] we 
have HP{G; kG) = 0 for all p > dimG and therefore H*{G; kG) is a bounded Hopf 
algebra. By [19, Theorem 1.2], it is of finite type. 

In the case char(A:) = 0, the description of the Hopf algebra H*{G; kG) follows 
from the Hopf-Leray theorem. See [17, Corollary 3.6] for details. □ 



ON THE O-MINIMAL HILBERT’S FIFTH PROBLEM 


37 


4.4. Computing the torsion subgroups. Here we compute the torsion sub¬ 
groups of a definably compact abelian definable group. 

Below we will omit the subscript on the field Q when we consider the constant 
sheaf it determines on a definably compact definable group G. We also consider G 
with a fixed orientation (Theorem 4.5). 

Lemma 4.12. Let G be a definably compact, definably connected, abelian definable 
group. For each k > 0, consider the map pk'- G ^ G: x ^ kx. Then we have 
degpfc < |Pfc^(0)|, where 0 is the neutral element of G. 

Proof. Fix a fc > 0. By Corollary 3.34, degpk = deggPic- Also, by [17, 
Corollary 2.12] (which holds in arbitrary o-minimal structures), we know that the 
homomophism pfc: G —>■ G is a definable covering map. Let G = U/eL 
in the definition of definable covering map. Fix & L such that 0 G Ui^ and let 
Y = pf^{Uifi). Now consider the map / = {pk)\Y :Y ^ G. Note that, by the dual 
of the excision, deggPfc = degg/. On the other hand, if we let Y = Y\ with the 
Y\s being the definably connected components of Y so that f^ = f\Y^ :Y\^G is 
a homeomorphism onto an open subset of G, namely Ui^. Now the data f '■ Y —>■ G, 
{0} C G and Y = ljr=i satisfy the hypothesis of Lemma 3.35, therefore we can 
conclude that degg/ = Finally, by Lemma 3.32, deg^f^ = ±1, for 

each A, and hence degg/ < m = |/“^(0)|. By the above, this last relation means 
degpfc < \Pk\0)l □ 

By Theorem 4.11 we have a Hopf algebra isomorphism 

H*{G;Q)^ f\[yi,...,yrh 

with the exterior algebra with the yfs of odd degree and primitive. This means 
that ^(j/i) = j/i O 1 -|- 1 O j/i for each i = 1,... ,r where the co-multiplication 

y = m*: H*{G; Q) ^ H*{GxG;Q)^ 0 {HP{G; Q) ® i7«(G; Q)) 

p+q=* 

is given by the composition of homomorphism m* : H*{G;Q) F[*{G x G;Q) 

induce by the multiplication map m:GxG—>GonG with the isomorphism 
H*{G X G;Q) ~ ®p+q=^,{H^iG;Q) ® H^{G-,kG)) given by the Kiinneth formula 
(Fact 4.9). 

We call an element x G H*(G; Q) a monomial of length 1 if x = U • • • U 
where 1 < ii < ... < ii < r. 


Lemma 4.13. Let G be a definably connected, definably compact, definable group. 
For each k > 0, consider the definable continuous map pk : G ^ G : a , for 
each a € G. Then, the map p^. : i7*(G;Q) -5- H*{G;Q) sends each monomial x of 
length I to kd'x. 

Proof. First we prove by induction on k that, for y G {yi,... ,yr}, we have 

pHv) = ky. 

For k = 1, we have pk = id and so this case is trivial. For the induction step, 
using pk+i = mo (pk x id) o A where A : G —>■ G x G is the diagonal map in G, we 
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have 

Pk+i{y) = {mo {pk X id) o A)*(y) 

= (A* o {pk X id)* o m*){y) 

= A* o {pI (g) id){y (g) 1 + 1 (g) y) 

= A* (/cj/ (g) 1 + 1 (g) y) 

= {qliky) + q^y)) 

= ky + y 
= {k + l)y. 

In these equalities we used Remark 4.10 and o A = id where qt : G x G ^ G 
(I = 1, 2) is the projection onto the ith coordinate. 

Finally, we get pj_|_i(a;) = (fc + lYx, for each fc > 0, since is an algebra 
morphism. □ 

Proof of Theorem 1.1: Let G be a definably connected definably compact abelian 
group of dimension n. Consider also the Hopf algebra iL*(G; Q) ~ ..., i/r]Q 

of G. 

As we saw in Remark 3.30 the orientation class pc G r(G; Ora) determines the 
fundamental class ()a G H"‘{G]Ijg)^ ■ Let C,g G H^{G;Zg) be the dual of Cg and 
let COG G H^{G-, Q) be the image of under the isomorphism 

/L"(G;ZG)®Q:xif"(G;Q) 

given by the universal coefficients formula ([20]). 

Now fix a /c > 0, and consider the definable continuous map pfe : G —>■ G : a i—>■ ka. 
By definition of degree of a map we obtain pKujg) = {degpk)u!G- Since lug generates 
H'^{G-, Q), and 0 pi U • • • U G H'^{G-, Q) we can suppose lug = yi U • • • U By 
Lemma 4.13, pJ(wg) = k^Lua, and so degpfc = k'"■ 

On the other hand, by Theorem 4.4, there is an s > 0 such that irf (G) ~ Z® and 
p^^(O) = G[k] ~ (Z/fcZ)®. By Corollary 4.12, degpfc < l(Pfc)“^(0)| = fc®, and hence 
r < s. By the Hurewicz theorem ([13, Theorem 4.16] (and Remark 3.18)), 

Hom(7r^(G)°P,Z) ~ iL^(G;Z), 

and on the other hand, since G is definably normal ([21, Corollary 2.3]), H^{G; Z) ~ 
H^{G-,'Lg) ([14, Proposition 4.1]) and hence 

Hom(7r5’(G)°P, Z) g) Q - iLi(G; Q). 

Therefore, since H^{G; Q) is a subspace of H*{G; Q) (and the elements of H^{G; Q) 
cannot be decomposable), among {yi ,... ,yr} there must be exactly s elements of 
degree one. Hence s = r and all y^’s are of degree one. Finally, since lug = 
yi U • • • U yr € H"‘{G] Q) we met have s = r = n. □ 
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